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Abstract 

In this article, we study several problems related to virtual traces for finite group 
actions on schemes of finite type over an algebraically closed field. We also discuss appli- 
cations to fixed point sets. Our results generalize previous results obtained by Deligne, 
Laumon, Serre and others. 
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Introduction 

Let k be an algebraically closed field of characteristic p, and let X be a fc-scheme, separated 
and of finite type, endowed with an action of a finite group G. If t is a prime number ^ p, G 
acts on H*(X,<Q>£) (resp. H*(X,Qi)), and, for s € G, we can consider the virtual traces 

(0.1) h{s) :=^(-irTr( S ,^(X, 

(0.2) ^^^(-lyTr^pT, 

These are £-adic integers. Several natural questions arise: 
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(a) Is tg(s) (resp. t Ct e(s)) an integer independent of 11 

(b) Do we have tg(s) = t c g(s)? 

(c) Under suitable assumptions on the action of G (freeness, tameness), can one describe 
the virtual representation 



(and its analogue with compact supports) in the Grothendieck group Rq e (G) of finite 
dimensional (^-representations of G, where [— ] denotes a class in Rq ( (G)? 

(d) How do the numbers tg(s) (resp. t c ^(s)) compare with the similar ones defined using 
other cohomology theories (rigid, for example, if p > 1, or Betti, when k = C)? 

These are old questions, and for some of them, partial answers were obtained long ago. 
Recent work of Serre ( |Ser07| . [Ser09j . [SerlOj ) has revived interest in them. The purpose of 
this paper is to collect answers and discuss some applications. 

For s = 1, te(s) (resp. t c ^(s)) is the Euler-Poincare characteristic x(X, Qi) (resp. Xc(X, Qe))- 
By Grothendieck's trace formula, Xc(X, Q^) is an integer independent of £, and it is known, by 
a theorem of Laumon [Lau81j . that it is equal to x(X, Qe)- In § 1 we show that, for all s 6 G, 
ti(s) = t c ^{s). Actually, we establish a relative, equivariant form of Laumon's theorem. In § 2 
we generalize this to Deligne-Mumford stacks of finite type over a regular base of dimension 
at most 1 under an additional hypothesis. We also give an analogue for torsion coefficients. 

By a theorem of Deligne-Lusztig [DL761, 3.3], t c /(s) is an integer t(s) independent of I. 
In § 3 we deduce vanishing theorems for t(s), s / 1, and prove a generalization (I3.8P of a 
divisibility theorem of Serre [111061 7.5]. 

The vanishing theorem 13.31 for free actions was shown by Deligne [11106] to hold more 
generally under a certain tameness assumption. In § 4 we consider actions of G on X that 
are not necessarily free. Using Vidal's groups K{Y)1 ( |Vid04| . |Vid05| ) we define a notion of 
virtual tameness for the action of G, and establish in this case a formula (|4.1ip for x{X, G, Q^) 
(I0.3P as a sum of certain induced characters. This is an algebraic analogue of a formula of 



We show that £ c ,rig( s ) = t( s )- The proof uses de Jong's alterations to reduce to the case where 
X/k is projective and smooth, in which case this equality was known. 

A corollary of the vanishing theorems of § 3 is that, if G is an ^-group, then xPO is 
congruent to x{X G ) modulo I (I6.ip . where X G denotes the fixed point scheme. When X 
is mod £ acyclic, i.e. H*(X,Wg) = H°(X,¥g) = Wg, one can say more: X G is also mod i 
acyclic. This is an analogue of a well known theorem of P. Smith [Smi38j. Here i may be 
equal to p. This analogue is established by Serre [Ser091 7.5]. In § 6 we give a different proof, 
based on equivariant cohomology Hq(X,Wi), for G cyclic of order £, in the spirit of Borel 
[Bor55]. However, in contrast with the method in |Bor55| . we give a shortcut, exploiting the 
graded module structure of Hq(X, Wg) over the graded algebra H*(G,Wg). The key point is 



(0.3) 
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that the restriction homomorphism Hq(X,¥i) — > Hq(X g ,¥g) is injective and its cokernel has 
bounded degree. This was inspired by localization theorems of Quillen |Qui71 4.2, 4.4] and 
of Borel-Atiyah-Segal, cf. |Hsi75j III § 2], [GKM981 § 6]. We also prove, along the same lines, 
that if X is a mod I cohomology sphere, then so is X G ([6TTTD . Finally, in § 7 we prove an 
analogue of one of Quillen's theorems |Qui71 , 4.2]. 

In a future paper [IZllj . we will prove analogues of other main theorems of Quillen |Qui71[ 
2.1, 6.2] on the structure of the mod I equivariant cohomology ring. 



1 An equivariant form of a theorem of Laumon on Euler- 
Poincare characteristics 

1.1. Fix a field k of characteristic p, an algebraic closure k of k, a prime number I ^ p, an 
algebraic closure of Qg. Let X be a /c-scheme, separated and of finite type. If X is smooth, 
Poincare duality implies 

(1-1.1) X (X,Qe) = Xc(X,Q e ). 

It is known, by a theorem of Laumon |Lau81j . that (jl.l.ip holds more generally without the 
smoothness assumption on X. Laumon also established a relative version of this result |Lau81l 
1.1]. We refer the reader to the abstract of [Lau81] for a history of Laumon's theorem. In this 
section, we generalize the relative form of Laumon's theorem to the equivariant situation. 

1.2. Let X be a /c-scheme, separated and of finite type, endowed with an action of a finite 
group G (G acting trivially on Spec A;). In the sequel, unless otherwise stated, groups are 
supposed to act on the right. We denote by D b (X, G, Qg) the category of G-equivariant ^-adic 
complexes defined in |Zhe091 1.3], and K(X,G,Qg) the corresponding Grothendieck group. 
For L <E D b (X,G,Q~g), we denote by [L] its class in K(X,G,Qg). Following Laumon [Lau81j . 
we denote by K~(X, G, Qg) the quotient of K(X, G, Qg) by the ideal generated by the image 
of [Qf (l)specfc] — 1) and by x~ the image in K~(X, G, Qg) of an element x of K(X, G, Qg). 

Passing from K to K~ destroys a lot of arithmetic information. For example, the function 
x ^ (Ti(-,x^),(s,g) € G x Gal(k/k) (->• Tr (sg,x^)) from K (Spec(k) , G ,Q~e) to the set of 
continuous functions from G x Gal(k/k) to Qg does not pass to the quotient, as the case 
where G = {1} and k = ¥ q trivially shows. However, not all is lost. For example, if A: is a 
local field (fraction field of an excellent henselian discrete valuation ring), with residue field 
ko, then the restrictions of these trace functions to G x /, where I is the inertia group, pass 
to the quotient. 

Recall [Zhe09, 1.5] that, for an equivariant map (/, u): (X,G) — > (Y,H), we have exact 
functors 

RU: D b c (X,GM) -> D b c (Y,H,Q~e), Rfr. D b c {X,G,Qg) -> D h c {Y,H,Qt), 
inducing homomorphisms 

/, : K(X, G, Q~e) -+ K(Y, H, Qg), fi- K(X, G, Qg) -+ K(Y, H, Qg~), 

and 

/* : K~ (X, G,Qg) -t K~ (Y, H, Qg), fi- ^ (X, G,Qg) -4 X~ (Y, H, Qg) 
by passing to the quotients. 
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The following is a generalization of Laumon's theorem [Lau81l 1.1]: 

Theorem 1.3. Let (f,u): (X,G) — > (Y,H) be an equivariant map between k-schemes sepa- 
rated and of finite type, endowed with finite group actions. Then, for any x G K(X, G, Qi), 
we have 

/*0O = /iOO 

m K~(Y,H,Qt). 

In particular, taking Y = Spec A:, /: X — ¥ Y the structural morphism, H = G, u = Id, we 

get: 

Corollary 1.4. Assume k algebraically closed. Let Xc(X, G, Qc) (resp. Xc(X,G,Qi)) be the 
image of RT c (X,Zi) (resp. RT(X,Ze)) in the Grothendieck group Rq e (G) = K(Speck,G,Qe) 
of finite dimensional ^-representations ofG, i.e. 

Xc(X,G,Q t )=J2(- 1 ) i [ H i(X,Qi)} 

(resp. 

X (X,G,Qi) = ]T(-1)WX,Q,)]J. 

Then we have 

(1-4.1) Xc(X,G,Q e ) = x(X,G,Q i ). 

In other words, with the notations of (jO.ip and (I0.2p , for s G G, we have: 

(1.4.2) t e (s) = t c/ (s). 

For Y = Spec k and H = {1}, we get: 
Corollary 1.5. Assume k algebraically closed. Set 

XG (X,Qe) = ^(-l)Mim^(X,Q,), 
Xc, G (X,Qe) = ^(-l)Mim^ iG (X,Q,), 

where Hq(X,Qi) = R' l f*Qi (resp. H l cG {X,^) = R l f\Qi) is the equivariant cohomology of 
X/k with no supports (resp. with compact supports). Then we have: 

(i.5.i) xc,G(x,q i ) = x G (x,Qi). 

By definition, the number in (jl.5.ip is the Euler-Poincare characteristic of the Deligne- 
Mumford stack [X/G]. 

Remark 1.6. (a) If X is smooth, Poincare duality implies ti(s) = t c ^{s~ l ). Thus, in this 
case, (I1.4.2P follows from the fact that t Ct e(s) is an integer, which is a result of Deligne and 
Lusztig [DL761 3.3]. See[3Z3 

(b) Recall that the action of G on X is admissible if X is a union of G-stable open affine 
subschemes (cf. [S GA 1\ VI]), which implies that X/G exists as a scheme, is separated and 
of finite type, and the projection ir: X — > X/G is finite. In this case, (jl.5.ip brings no new 
information as it boils down to the original form of Laumon's theorem. Indeed, one has 

Xc([X/G],Wi) = Xc(X/GM) 
and similarly with x (cf- [Zhe09, 1.7 (a)]). 
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Finally, here is an application to local fields, coming from [Vid04, 4.2]: 

Corollary 1.7. Let K be the fraction field of an excellent henselian discrete valuation ring 
of residue field k, K an algebraic closure of K. Let rji be a finite, normal extension of 
7] = SpecK, with k(t]i) contained in K, and X/r/i a scheme separated and of finite type. We 
assume that a finite group G acts on X — > rji by rj- automorphisms. Let I be the inertia group 
of n. Then, for (s,g) € G x / such that s and g induce the same automorphism ofrji/rj, 

(1.7.1) TT((s,g),Rr(X w ,Q e )) = Tr((s,g),RT c (X^,Q e )), 

and this l-adic number is an integer independent of t. 

By base change to the maximal unramified extension of K, we may assume the residue field 
separably closed. We apply 1.2 to the projection /: X — >■ 771 and 1 G K(X, G,Qe), observing 
that the group K(j]i, G, Qe) (= K~(r]i, G, Qe)) can be identified with the Grothendieck group 
RQ e (T) of continuous Q^-linear representations of T = Gx Aut ( % ^) G&l(K/K). We get (|1.7.1|) . 
The last assertion is proven in |Vid04L 4.2] when the action of G on X is admissible. The 
general case follows by induction since X has an affine G-stable dense open subset. When the 
residue field is finite, it also follows from |Zhe09i 1.16]. 

Proof of \1.3l Factorizing (/, u) into 

(IiG) WH ( y iG) (H(y,i?) 

and applying the formula i?(Idy,u)* ~ i?(Idy,-u)i [Zhe09l 1.5 (ii), (iii)], we may assume 
G = H, u = Id. By Nagata's compactification theorem ( |Con07| . [Liit93j ) and de Jong's 
construction in [dJ96, 7.6], we can find (cf. [ZheOQ], 3.7]) a G-equivariant compactification 
/ = 9Ji where g : Z — > Y is proper and j : X — >■ Z is a dense open immersion. Let i : Z—X — > Z 
be a complementary closed immersion. As in Laumon's proof, we are then reduced to showing 
that for any x € K(X,G,Qi), the image of i*j*x in K~(Z — X,G,Qi) is zero. Therefore, 
changing notations, to prove 1.2 it suffices to establish the following (equivalent) result: □ 

Proposition 1.8. Let X be a k-scheme separated and of finite type, endowed with an action 
of the finite group G , i: Y — > X an equivariant closed immersion, j: U = X — Y —?■ X the 
(equivariant) complementary open immersion. Then, for any x E K(U,G,Qi), we have 

i*3*( x ~) = 

in K~(Y,G,We)- 

To prove [L8l we start by imitating Laumon's reduction to |Lau8H 2.2.1]. Let /: X' — > X 
be the blow-up of Y and consider the following commutative diagram with Cartesian square 




By proper base change, 

•* ■ p ■/ ■/* •/ 

1 j*x — % Jufj^x — g*i j^x. 
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We are thus reduced to the case where Y is a Cartier divisor. By cohomological descent for 
a finite covering of X by G-stable open subsets, we may further assume that Y is defined by 
a global equation F 6 V{X, Ox)- Up to replacing F by HseG ( an d changing the scheme 
structure of Y), we may assume that F is invariant under G. Then F defines a G-equivariant 
morphism / : X — > AL G acting trivially on Ai, with fiber Y at {0}. As in (loc. cit), replacing 
Aj, by its henselization S at 0, with closed point s and generic point 77, we are reduced to 
showing that, for any K G D b (X v , G,Qt), the class in K~(Y, G,Qe) of 

RT(I,RVK) e D b (Y,G,Q~i) 

is zero, where I is the inertia subgroup of Gal(rj/rj), rj a separable closure of r\. It then suffices 
to invoke the following analogue of [Lau81, 2.2.1]. 

Theorem 1.9. Let S be the spectrum of a henselian discrete valuation ring, with closed 
point s = Spec/c and generic point 77, Y be a scheme of finite type over s, endowed with an 
action of a finite group G (G acting trivially on s). Then for any L £ D b (Y x s 77, G, Qe), the 
class in if~(F,G,Qj) of 

RT{I,L)eD b c (Y,G,We) 
is zero, where I is the inertia subgroup of G&l(rj / r/) , 77 a separable closure ofrj. 

We refer to |Zhe091 4.1] for the definition of D b c {Y x s r],G, Qi). In our case, it is based on 
the topos (Y x s 77, G)~ consisting of sheaves on Yg endowed with an action of Gal(r7/r7) x G 
compatible with the action of Gal(s/s) on Ygu. Here s is a separable closure of s. 

Proof. Let Pi be the kernel of the ^-component tf. I — )■ Ii = Z^(l) of the tame character, and 
let r]i = fj/Pg. We consider the topos of G-Gal(77£/7/)-sheaves on Yg, which is the subcategory 
of (Y x s rj, G)~ consisting of sheaves on which Pj> acts trivially. Since 

RT(I,L) = RT{h,L p £), 

one is reduced to showing that, for any G-Gal^/^-Q^-sheaf L on Yg, the class of RT(l£,L) 
in K~(Y, G, Qi) is zero, where 77^ = rj/Pg. We use the argument of Deligne at the end of 
|Lau81| . If a is a topological generator of In, we have a decomposition 

(1.9.1) ^=0 \jKev((a-a) n ,L). 

Let L u be the largest subsheaf of L (in the category of G-Gal(?7f/77)-(Q>£-sheaves on Yj) on 
which the action of is unipotent. In terms of the above decomposition, 

(1.9.2) L u = \J Ker(((r-l) n ,L). 

n>l 

As the formation of L u and of RT(Ii, — ) commutes with taking stalks at geometric points of 
Y, the inclusion L u —¥ L induces an isomorphism 

RT(I e ,L u )^RT(I e ,L). 

Therefore we may assume that the action of li on L is unipotent. Thus there exists a (twisted) 
nilpotent endomorphism iV : L — > L{— 1) (a morphism of G-Gal^/^-Q^-sheaves on Yg) such 
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that the representation p: li — )• Aut(L) is given by p(g) = exp(Nti(g)) for g € It. By 
definition, H°(I e ,L) = L h , and we have a canonical isomorphism 

H\h,L)^{L h ){-l), 

where Lj e is the sheaf of co- invariants of Ig in L (given by z \— > [z(a)] <8> c v on 1-cocycles of 
the standard cochain complex, where a is a generator of Ig = 2^(1), a v £ 1) its dual, 
and [— ] means a class in Lj e ). In other words, 

H°(I e ,L) ~ KerN, H l {I t ,L) ~ Coker 

Moreover, H l (It,L) = for i ^ 0,1. Using the monodromy filtration [Del80, 1.6.14] ••• C 
MjL C M i+1 L C ■■■ of L in the category of G-Gal^/r^-Q^-sheaves on Y^, one gets the 
isomorphisms 

Grf ((Coker 2V)(1))(») ^ Gr^(KerAT), 
which implies that Ker A^ and Coker A" have the same image in K~(Ig,Qg). □ 

The analogue of II. 91 (and, in turn. fl~8l and ll.3j ) with Qg replaced by an algebraic extension E 
of a complete discrete valuation field of characteristic (0, £) still holds. In fact, in this case, 
although we may no longer have a decomposition of L as in (jl.9.ip , the expression for L u still 
holds. 

I. 10. With the notations and hypotheses of 11.81 assume k algebraically closed and X proper. 
Let L E D b c (U, G, Qg), and s E G such that the fixed point set X s of s is contained in Y. By 

II. 31 we know that 

(1.10.1) Tr(s, RT C (U, L)) = Tr(s, RT(U, L)). 

Though s has no fixed points on U, this trace can be nonzero (for example, if X is the affine 
line over k, with p > 1, and G the cyclic group Z/pZ acting on X by translation, with 
generator s: x i— y x + 1, then i c (s) = 1). We can rewrite both sides as 

Tr(a, RT C (U, L)) = Tr(s, RT{X,j l L)), 
Tr(s, RT(U, L)) = Tr(s, RT(X, Rj*L)). 

By the Lefschetz-Verdier trace formula [SGA 5, III 4.7], each of these traces is a sum of "local 
terms at infinity", associated with the connected components of X s C Y: 

Tr(s,RT(X,j l L))= £ Tr(s, RY{X,j x L)) Z: 
Tr(s,RT{X,Rj*L))= ^ Tr(s, RT(X, Rj*L))z, 

where the subscript Z means the local Verdier term at Z for the correspondence defined by 
s: X — > X and s* : j\L — y j\L or s* : Rj*L — > Rj*L. We have the following refinement of 

( ormi : 

Corollary 1.11. With the notations and hypotheses of \1.10L for each Z £ ttq(X s ), we have 

TrfaRTiXJiLVz = Tr(s,RT(X,Rj*L)) z . 
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By the additivity of Tr(s, —) Z , we have 

Tr{s,RT{X,j { L)) z -Tr(s,RT(X,Rj*L)) z = Tr(s, RT(X, iJ*Rj*L)) z . 

By the (trivial) Lefschetz-Verdier formula for i: Y — > X [SGA~5j III 4.4], 

Tr{s,KT(X,i*i*Rj*L)) z = Tr(s, RT(Y, i*Rj # L)) z . 

By definition |SGA 51 III 4.7], if hie denotes the identity correspondence on E = i*Rj*L, 

Tr(s,RT(Y,i*Rj,L)) z = (a z )*{s,I& E )z, 

where az '■ Z — > Spec A; is the projection, {s,1(1e)z G H°(Z,K Z ) is the Verdier term at Z for 
the correspondences s and Id E |SGA 5\ III (4.2.7)], K z = Ra z Wi, and (a z )* - H°(Z,K Z ) ->• 
Q>£ is the trace map, defined by the adjunction map Ra*Kz — > Qe- More generally, for any 
F G D b c {Y,G,Wi) and Z G vr (X s ), we have a Verdier term (s,Id F )z G H°(Z,K Z ). By 
[SGA_5j HI (4.13.1)], (s,Id_p)^ is additive in F, hence depends only on the class of F in 
K(Y,G,Qe). Therefore, by 11.81 we have {s,1<1e)z = 0, which completes the proof. 

1.12. Let us mention some analogues of Laumon's theorem in topology. Let X be an n- 
dimensional manifold. If Poincare duality holds for X, then we have the following analogue 
ofO 

X (X,Q) = (-l) n X c(X,®). 

In particular, odd-dimensional compact manifolds have vanishing Euler-Poincare characteris- 
tic. More generally, Sullivan [Sul7lJ has shown that compact stratified spaces (in the sense 
of Thorn) with odd-dimensional strata have vanishing Euler-Poincare characteristic. Wein- 
berger, Goresky and MacPherson used this to show that x(^jQ) = Xc(X,Q) holds for all 
stratified spaces X with even-dimensional strata. See [Ful93l p. 141, Note 13]. 

2 A generalization to Deligne-Mumford stacks 

In the situation of 11.21 we have 

D b c (X,G,Wi) * D b c ([X/G],We), 

where \X/G\ denotes the Deligne-Mumford stack associated to the action of G on X. More- 
over, the equivariant operations i?/*, Rf\ correspond to similar operations for the associated 
morphisms of Deligne-Mumford stacks. In the first half of this section we show that 11.31 ex- 
tends to morphisms of Deligne-Mumford stacks of finite type over a regular base of dimension 
< 1 satisfying the condition (A) below. In the second half, we establish an analogue for 
torsion coefficients. The results of this section will not be used in the following ones with the 
exception of 13-H where only the extension of 11.31 to algebraic spaces is used. 

2.1. In this section, unless otherwise stated, we fix a (Noetherian) regular base scheme S of 
dimension < 1 satisfying the condition 

(A) Every nonempty scheme of finite type over S has a nonempty geometrically unibranch 
[EGA IV] 6.15.1] open subscheme. 
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This condition is satisfied if S is a Nagata scheme \The\ 033S] (by [EGA IV] 9.7.10]) or if 
S is semi-local. We fix a prime number I invertible on S and an algebraic extension E of a 
complete discrete valuation field Eq of characteristic (0, £). We use the convention of [LMB00, 
4.1] for Deligne-Mumford stacks. In particular, the diagonal of a Deligne-Mumford stack is 
assumed to be quasi-compact and separated. For a Deligne-Mumford 5-stack X of finite type, 
we denote by D b (X, E) the category of bounded ^-complexes. If S is affine and excellent and 
if all schemes of finite type over S has finite ^-cohomological dimension, the construction of 
D b (X,E) and of the corresponding six operations is done in |LO08| . For the general case, 
sec [ZhcllJ. Note that the following sections do no depend on [Zhellj because there we work 
over an algebraically closed field. 

We denote by K(X, E) the Grothendieck group of D b (X, E). For L G D b (X, E), we denote 
by [L] its class in K(X, E). As inlL2| we denote by K {X, E) the quotient of K(X, E) by the 
ideal generated by [-E(l)] — 1, and by x~ the image in K~(X, E) of an element x of K(X, E). 

Recall that, for a morphism / : X — >■ y of Deligne-Mumford S'-stacks of finite type, we 
have exact functors 

Rf*, Rf\ ■ D b c (X , E) — » D b (y, E) 

inducing homomorphisms 

f*,f\'- K(X , E) -> K(y, E) 

and 

/*,/,: K~(X,E) -+K~{y,E) 

by passing to quotients. 

The following is a generalization of 11.31 The proof will be given in 12.61 

Theorem 2.2. Let f : X — > y be a morphism of Deligne-Mumford S-stacks of finite type. 
Then, for any x G K(X,E), we have 

/*0O = /iOO 

in K~{y,E). 

For a point ^ of y, we denote by i^: — > y its residue gerbe [LMB00, 11.1]. It is 
isomorphic to a quotient stack [Spec K/G], where K is a finite type extension field of k(s), 
s 6 S is the image of £, and G is a finite group acting on K on the left leaving k(s) fixed. 
To see this, we may assume, by [iLMBOOl 6.1.1], that y = [Y/H] is the quotient stack of an 
S-scheme Y of finite type by a finite group G acting on Y on the right by k- automorphisms. 
A representative Spec/fi — > y of £ corresponds to an .ff-torsor T over K\ together with 
an If-equivariant map t: T —> Y. Let X be the image of t and endow it with the scheme 
structure X = W y ^x Spec n(y). Then t factorizes into i/-equivariant maps T — > X — >• Y. 
Hence ~ [-X"/i7] ~ [y/Gy], where y & X and < H is the stabilizer of y. Note that ^ is 
also the residue gerbe of the point £ — > y s , where 34 = ^ Xs s. 

Lemma 2.3. The homomorphism 

induced by it, where £ runs over a// points of y , is an injection. 
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Proof. We prove 12.31 by Noetherian induction on y. The assertion being trivial for y = 0, 
we assume y nonempty. Let x be an element of K(y, E) such that = in K^(Q^, E) 

for any £. We shall show x~ = 0. As above, by [LMB00, 6.1.1], there exists a nonempty 
open immersion j : [Y/ H] «— >■ y from the quotient stack of an 5-scheme Y of finite type by 
a finite group H acting on Y on the right by 5-automorphisms. By (A), shrinking Y if 
necessary, we may assume Y is geometrically unibranch and connected, and j*x = [J-] — [J 7 '] 
for lisse E-sheaves J- and J- 1 on \Y/H]. Here by lisse E-sheaf we mean a sheaf of the form 
£®Oe E, where Oe x is the ring of integers of a finite extension E\ of Eq contained in E, and 
£ is a lisse Oe x -sheaf. Let i: y — [Y/H] — > y be a complementary closed immersion. Since 
x = + i*i*x and = by induction hypothesis, it suffices to show j*(x~) = 0. We 

may thus assume y = [Y/H], Y geometrically unibranch, x = [J-] — [J- 1 ] where J 7 , T' are lisse 
-E-sheaves. 

Let fj is a geometric point above the generic point rj of Y. The category of lisse E- 
sheaves on y under our convention is equivalent to the category of (finite-dimensional) E- 
representations of 7Ti(y,fj) (see |Noo04|, § 4] for a definition of 7r±(y, fj)). Let Ky lsse (y,E) 
denote the corresponding Grothendieck group. The .ff-equivariant map e: 7] — > Y induces a 
morphism 1: [r]/H] — > y, which is the residue gerbe of y at the point r] y. By hypothesis, 
t*(a;~) = 0. To see x~ = 0, it suffices to show that 

is an injection. 

By the Jordan-Holder theorem, K\i sse (y,E) (resp. K([rj/H],E)) is a free abelian group 
with the set of isomorphism classes S\ (resp. S2) of simple ^-representations of TTi(y,fj) 
(resp. ni([q/H],fj)) as a base. Let be the quotient set of Si by the equivalence relation 
~ defined by L ~ M if there exists n G Z such that L ~ M(n), i = 1,2. Then Kg sc (y,E) 
(resp. ([??///] , -E)) is a free abelian group with basis S± (resp. 5^). We have the following 
morphism of short exact sequences of groups 

1 ^ 7^1(77, 77) >m([ri/H],fj) >■ 1 



7ri(e,r)) 



7Tl(l,77) 



1 — >■ TTi (y, fj) 7Ti (y , 77) > h — 1 

Since y is geometrically unibranch, the homomorphism 7ri (e, 77) is surjective. Hence the same 
is true for 7Ti(i, fj). The latter clearly induces an injection Si — > S'2. Therefore, for all 
L,M e Si satisfying i*L ~ (i*M)(n) ~ t*(M(n)), we have L ~ M(n). In other words, 1* 
gives an injection S^ — > 5^. This completes the proof of 12.31 □ 

2.4. The preceding lemma allows us to show that the analogue of 11.31 still holds over the base 
scheme S (G and H acting trivially on S) and with replaced by E. As before, we are 
reduced to proving the analogue of II .81 over S. Note that the case where S is the spectrum of 
a discrete valuation ring is easy (as observed by Vidal [Vid051 0.1]). 

Consider first the case where % : Y —> X comes from a closed immersion T — >• S by base 
change. We may assume T = s is a closed point of S. Then, replacing S by its henselization 
,S( S ) at s, with generic point 77, we are reduced to showing that, for any K € D^.(X V ,G, E), 
the class in K~(Y, G, E) of 

RT{I,mK) G Dj(y,G,£) 
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is zero, where I is the inertia subgroup of Gal(rj/r/), Tj an algebraic closure of r\. It then suffices 

to apply [L9l 

In the general case, apply the generic base change theorem SGA 4| Th. finitude 1.9] 
to find a dense open subset V of S such that the formation of j*x commutes with any base 
change S' — > V. Consider the following diagram with Cartesian squares 



wu 



U V 



u- 



JV 



U T 

3T 



X* 



■X V 



X 



Xt 



s >■ V T 

where T = S — V , s is an arbitrary point of V. We have x = v\j\xy + tjj^XT, where xy = v^x, 
xt = t*jjX. Applying 11.81 to j s , we obtain 

w*jv*(xy) = js*Wu( x v) = 3s\W*u{Xy) = W*jy\{Xy). 
Hence, by I2.3( jy*(xy) = jy\(xy). Therefore, by the special case above, 

j*VU\(Xy) = j*V Uif {Xy) = V*j V *(Xy) = V*j V \{Xy) = V\j V \(Xy) = j\VU\(Xy). 

On the other hand, applying 11.81 to jx, we obtain 

Therefore j*(x~) = j\(x~). 

The following is a variant of [LMBOO, 6.2, 6.3]. We use the convention of [LMBOO, 4.1] for 
Artin stacks. In particular, the diagonal of an Artin stack is assumed to be quasi-compact 
and separated. 

Lemma 2.5. Let S be a quasi-separated scheme, X be an Artin S-stack, K be an S -field, 
x = Specif, H be a finite group acting on x on the right by S -automorphisms, and let 
i: [x/H] — > X be a morphism. Then there exists a 2-commutative diagram 

[X/G] 
[x/H] X 

where X is an affine scheme, G is a finite group acting on X on the right by S -automorphisms 
and (p is a representable smooth morphism. Moreover, if X is a Deligne-Mumford S-stack, we 
can choose the above diagram such that <j> is etale and that the following square is 2- Cartesian 

[x/H] [X/G] 
[x/H] -^-^ X 
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Let us recall the constructions in [LMBOOL 6.6]. Let X — >■ y be a representable [LMBOO, 
3.9] and separated morphism of 5-stacks, d > 0. We define an 5-stack SEC d (X /y) by 
assigning to every affine scheme U equipped with a morphism U — >■ S, the category of arrays 
(xi, . . . , Xd) of disjoint sections of the algebraic [/-space X = XxyU. The .S-stack SECd(X /y) 
is equipped with a natural action of the symmetric group 6^, compatible with the projection 
to y. Let ETd(X /y) be the quotient stack. For a quasi-separated 5-scheme V, giving a 
morphism V — > ET^(^f /y) is equivalent to giving a morphism V — > y and giving a subscheme 
Z of the algebraic space X XyV which is finite, etale of degree d over V ([LMBOO, 6.6.3 (i)]). 
The structural morphism ETd{X /y) — > y is representable and separated [LMBOOL 6.6.3 (ii)]. 



Proof. We prove 12.51 by imitating [LMBOO, 6.7]. Take a 2-commutative diagram with 2- 
Cartesian squares 

T ^B >Z 



x ■ 



[x/H] 



X 



with Z an affine scheme, ir smooth and T non-empty. Then T is a smooth algebraic space 
over x and an ff-torsor over B. Let L be an f/-equivariant closed subscheme of T, finite etale 
over x. For example, we can take a closed point t of T whose residue field is a separable 
extension of K, and take L to be the .ff-orbit of t, endowed with the reduced algebraic 
subspace structure. Let d be the degree of L over x. We have thus an If-equivariant section 
of ETd(T/x) — > x, giving rise to a section of ETd(B/[x/H]) — >• [x/H], hence a 2-commutative 
diagram 

ET d (Z/X) 




Since ETd(Z/X) is a Deligne-Mumford stack smooth over X [LMBOO, 6.6.3 (ii)], up to replac- 
ing X by ETd(Z/X), we may assume that X is a Deligne-Mumford 5-stack. In this case, we 
can take tt to be etale. Then SECd(Z / X) is a quasi- affine scheme [LMBOOL 6.6.2 (iii))] and 
ETd(Z/X) = [SEC d(Z / X) Z&d] is etale over X. Moreover, since T is a quasi-compact etale 
algebraic space over x, it is finite and we can take L = T, so that ETd(B/[x/H]) — > [x/H] is 
an isomorphism. The point %\ corresponds to an S^-orbit of SECd^/Af), which is contained 
in an ©^-equivariant affine open. Thus [231 holds by taking X to be the aforementioned open 
and G to be the group &d- □ 

2.6. Proof of \2.2i By 12.31 it is enough to show i|/*(x~) = i%f\(x~) for all points £ of y. By 
12.51 it is then enough to show 0*/*(a;~) = (f)*f\(x~) for every representable etale morphism 
<p : [Y/ H] — s> y where Y is an affine 5"-scheme of finite type and G is a finite group acting on 
Y. By base change by 4>, it is thus enough to establish 12.21 in the case where 3^ = [Y/H]. In 
particular . 12.41 implies that !2.2l holds if / is an open immersion (with no additional assumption 

on y). 

We prove [2T21 in the case where y = [Y/H] by Noetherian induction on X. Let j : [X/G] — > 
X be a dominant open immersion [LMB001 6.1.1], where X is an affine S-scheme of finite type 
and G is a finite group acting on X. By [Zh e091 5.1] (which holds over general base schemes), 
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up to replacing (X, G) by another pair with an isomorphic quotient stack, we may assume 
that fj: [X/G] — > \Y/H] is induced by an equivariant map (X, G) — > (Y,H). Let i be a 
closed immersion X — \XjG\ — > X. Then x = j\j*x + i*i*x. Since j*j*(x~) = j\j*(x~) by the 
already proven case of open immersion, we have 

f*3\f(x~) = f*j*j*(x~) = (fj)*j*(x~) = (fj)lf{x~) = /iJij* 00 

by 12.41 applied to fj. On the other hand, 

f*i*i*(x~) = (fi)J*(x~) = (fi)\i*(x~) = f\ij*(x~) 

by induction hypothesis applied to fi. Therefore f*(x~) = f\(x~). □ 

In the rest of this section, we consider analogues of Laumon's theorem for torsion co- 
efficients. Let F be a field of characteristic I. The following is an analogue of Theorem 
Ol 

Theorem 2.7. Let S be the spectrum of a henselian discrete valuation ring, with closed 
point s and generic point rj, Y be a scheme of finite type over s, endowed with an action of 
a finite group G (G acting trivially on s). Then for any L £ D^(Y x s i],G,F), the class in 
K~(Y,G,F) of 

RT(I,L) € D b c (Y,G,F) 
is zero, where I is the inertia subgroup of Galirj j 'rj) , rj an algebraic closure of rj. 

As in 11.91 one is reduced to showing that, for any G-Gal^/^-F-sheaf, the class of 
RT(Ii,L) in K~(Y, G, F) is zero, where rj£ = rj/Pg. As before, we may assume that the 
action of In on L is unipotent. Fix a topological generator a of Ig = 2^(1) and define a 
(nilpotent) G-i^-equivariant operator 

N a : L(l) -> L 

by the formula N a (a ® a) = ua, where a € F(l) = F ®z t Zf(l) is the image of a, u = 
a — 1 : L — > L. For 7 € Gal(r]z/r]), we have 

(jV a 7 - 7iV CT )(a <g> a) = N a ((a) x ^ <g> 7a) - 7(<r - l)a = xffiwya - {a x{l) - 1)70, 

where x : Gal(^/??) — > TL^j is the cyclotomic character, x(l) £ ^£ is the image of x(l) G ^ ■ 
Since 

0-X(7) _ 1 = (1 + U )Xtl) _ 1 = ^jj u + u 2 p( u ) ; 

where -P(it) is a polynomial in u, we have 

(^7 — r yN a )(a <S) a) = x{l) u l a — [x{l) u l a + u 2 P{u)~fa] = —u 2 P{u)^a £ Imu 2 = ImN 2 . 

It follows that Im(A^™7 - 7 iV™) C Im(N™ +1 ) for m > 0. Let • • • C MjL C M m L C • • • be 
the filtration in the category of G-F-sheaves on Yg characterized by N a Mi(l) C Mj_2 and the 
property that iVJ induces an isomorphism of G-F-sheaves 

(2.7.1) Grf L(i)^>Gr^L. 
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As ■ ■ ■ C jM^L C 7Af i+1 L C ■■■ satisfies the same condition for any 7 € Gal(%/?]), the 
filtration is Gal(%/r/)-stable. Moreover, (|2.7,ip is Gal(%/ry)-equivariant, hence the same holds 
for the isomorphism 

Grf (Cokev N a )(i) ~ Gr^(Ker N a (-1)). 

Therefore H°(I e ,L) = L I( = KeriV CT (-l) and H l (h,L) = L h (-1) = Coker A^-l) have the 
same class in K~(Y, G, F). 

Remark. Note that the filtration MjL in the proof does not depend on the choice of a. In 
fact, if r = a r is another topological generator of Z^(l), r € Z? ; then 

rN T (a ® a) = N T (f ® a) = (r - l)a = [(1 + u) r - l)a = rua + u 2 Q(u)a, 

where Q(u) is a polynomial in u = a — 1, hence 

(N T - N a ){a ®a) = (f)~ l u 2 Q{u)a G ImiV^. 

To state an analogue of 12.21 for F-sheaves, we need a condition on inertia. 

Proposition 2.8. Let S be a quasi-separated scheme, f : X ^ y be a morphism of Deligne- 
Mumford S-stacks, m E Z be an integer. The following two conditions are equivalent: 

(a) For any algebraically closed field £1 and any point x G X{Vt), the order of the group 
Ker(Aut;f (2;) — > Auty(y)) is prime to m, where y € y(£l) is the image of x under f; 

(b) For any algebraically closed field and any point y € y(fl) and any lifting x 6 X(fl) of 
y, the order of the group Autx y (x) is prime to m. 

Note that the morphisms satisfying (a) are closed under composition while the morphisms 
satisfying (b) are closed under base change. 

Definition 2.9. Morphisms satisfying the conditions of 12.81 are called of prime to m inertia. 

Example 2.10. Let (X,G) — > (Y,H) be an equivariant morphism of S-schemes (the finite 
groups G and H acting trivially on S). If for all geometric points x — > X, of image y — > Y, 
the order of the group Ker(G x — > H y ) is prime to m, where G x and H y are the inertia groups, 
then the induced morphism [A/G] — > \Y/H] of quotient 5-stacks is of prime to m inertia. 
Indeed, Autrx/G](£) = G x , Autry/m (i>) = H y , where ^ is the composition x — > X — > [X/G], v 
is the composition y — > Y —> [Y/H]. 

We will deduce 12.81 in 12.161 from some general facts about inertia. Let C be a 2-category. 
The 2-commutative squares in C form a 2-category C n in an obvious way. Let S be the 
partially ordered set 

{0,1} 2 = {(i,j) |0<i,j<l}. 
A pseudofunctor F : 5 — > C is a 2-commutative diagram in C of the form 

(2.10.1) F 00 




F10 >■ Fu 
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The 2-category C n can be identified with the 2-subcategory of the 2-category of pseudofunc- 
tors S — > C, spanned by those pseudofunctors F for which the lower-left triangle is strictly 
commutative. A 2-Cartesian square is a 2-commutative square of the form (|2.10.ip which 
is a 2-limit diagram, namely which exhibits Fqq as the 2-limit of the diagram indexed by 

r = ((i,o)-»(i,i)<-(o,i))cs. 

Lemma 2.11. Consider a 2-commutative square 

A 



X 



Y 



in CP . Suppose that the squares AijBijXijYij, < i,j < 1 and the squares B, X, Y are 
2-Cartesian. Then the square A is 2- Cartesian. 

Proof. The restriction X\T — > Y\T «— B\T of the given square corresponds to a diagram in C 
indexed by T x T' , which we denote by D. Here T 1 = T. Then Aqq is lim-^/ limp D, where lim 
stands for 2-limit. The assertion then follows from the canonical identification of limT lim-r/ D 
and limy/ limy D. □ 



Corollary 2.12. Let 



A' 



A 



B' 



B 



X' 



X 



Y< 



Y 



be a 2-commutative cube in a 2-category. If the front, back and bottom squares are 2-Cartesian, 
then the top square is also 2-Cartesian. 



Proof. It suffices to apply 12.111 to the square of squares 

A'AB'B »- AABB 



X'XY'Y *■ XXYY 

□ 

2.13. Let C be a 2-category. We say that a morphism / : X — > Y in C is faithful if for every 
object W of C, the functor 

Rom c (W,X) -> Rom c (W,Y) 
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is faithful. Assume C admits 2-fiber products. For any morphism / : X — > Y in C, we define 
the inertia of / to be 

(2.13.1) If = X XA f ,Xx Y X,Af X - 

The two projections X Xy X — > X induce two isomorphisms between the two projections 
It — > X. To fix ideas, we endow If with the first projection to X, which is a faithful 
morphism because it admits the diagonal morphism 5f. X — > If as a section. For a morphism 
g: W — > X in C, Homjf(W, If) is equivalent to the group Autx>(g), with the diagonal section 
Sfg corresponding to the identity element of the group. Here T> is the category Homy(W, X). 
In the case where C is the 2-category of categories fibered over a given category A, an explicit 
description of If can be found in [The} 034H]. 

Lemma 2.14. Let 

X' ^X 



Y> 

be a 2- Cartesian square in a 2-category admitting 2-fiber products. Then the square 



Ix'/Y' 



X> 



I 



X/Y 



X 

is 2- Cartesian. 

Proof. It suffices to apply 12.121 successively to the following cubes: 

'Y' 



X Xyl 



X' Xy/ X' 




X' 



X' x v , X' 



X x Y X 



X 
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□ 

Lemma 2.15. Let X — > Y — > Z be a sequence of morphisms in a 2-category admitting 2-fiber 
products. Then the canonical morphism Ix/y ~> Ix/Z induces an isomorphism 

Ix/Y K = Kev(I x/z 4lx y I Y/Z ). 

Here K is defined by the following 2-commutative diagram with 2-Cartesian squares 

K *-X ^Y 

$Y/Z 

Ix/Z >■ X Xy Iy/Z >■ Iy/Z 

Proof. Applying 12.111 successively to the squares of squares 

X x Y X,Y,X x z X,Y x z Y ^XYXY 

XYXY >■ YYZZ 

and 

Ix/Y,y, Ix/zJy/z »- XYXY 



XYXY ^Xx Y X,Y,X x z X,Yx z Y 

we see that the outer square of the 2-commutative diagram 

Ix/y *~ X *~ Y 



Ix/Z *- X Xy Iy/ Z *- Iy/ Z 

is 2-Cartesian. Since the square on the right of the above diagram is 2-Cartesian, it follows 
from 12,121 that the square on the left is also 2-Cartesian. □ 
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2.16. Proof of\KE By EH 



l xjy - Ker(/^ /5 X Xy I y/S ). 

By MM 

Ix y /y ^ V *ylx/y 

for y € y(Q). Therefore, 

Aut Xy (x) ~ Hom^ (a;, Ix y / y ) - ^om x (x,I x/y ) ~ Ker(Aut^(a;) -> Auty(?/)) 

for x G X(tt) lifting y. □ 

2.17. Now let S be as in 12. H /: X — > y be a morphism of finite type Deligne-Mumford <S- 
stacks of prime to I inertia. Recall that F is a field of characteristic I. Then we have functors 
[ZhellL § 2] 

RU,Rfr.D b c (X,F)^D b c (y,F). 

They induce homomorphisms 

f*,fr.K(x,F)^K(y,F) 

and 

f*,fi:K~(X,F)^K~(y,F) 

by passing to quotients. 

Theorem 2.18. Let f : X — >• y be a morphism of finite type Deligne-Mumford S-stacks of 
prime to I inertia. For any x 6 K{X,F), = f\(x~) in K~(y,F). 

The proof follows the same line as the proof of 12.21 In 12.61 up to shrinking X, we may 
assume in addition that G/Gq acts freely on X, where Go = Ker(G — > Aut(A)). As before, by 
[Zhe09l 5.1], we are reduced to showing 12.181 in the case where /: [X/G] — > [Y/H] is induced 
by an equivariant morphism (X, G) —> (Y, H) of affine schemes of finite type over S, with 
G/Gq acting freely on X. Then / is the composite morphism 

[X/G] -> [(X/G Q nN)/(G/G nN)] 4 [(X/N)/(G/N)] -> [Y/H], 

where N = Ker(G — > H). Since N/Gq n N acts freely on X, g is an isomorphism. By 
assumption, Go D N has order prime to £, hence we are reduced to showing 12.181 in the case 
where / : [X/ G] —> [Y/ H] is induced by an equivariant morphism (A, G) — > (Y, H) of affine 
schemes of finite type over S, with I prime to the order of Ker(G — > H). We prove the 
analogues of 11.81 11-31 and 12.41 as before, with 11.91 replaced by 12.71 (For the analogues of 11.31 
and 12.41 we assume that Ker(G — > H) has order prime to I.) 

3 Free actions and vanishing theorems: ^-adic and Betti coho- 
mologies 

3.1. Let k be an algebraically closed field of characteristic exponent p, t a prime number 
7^ p, X an algebraic fc-space separated and of finite type, endowed with an action of a finite 
group G. We extend the notations tg(s), t c ^{s) and x(A, G,Qe) ( (IQ.ip through fl0.3|) ) to this 
situation. By 12.21 ti(s) = t c ^(s) for s € G. 



18 



Theorem 3.2. Under the assumptions of \3.1l we have: 

(a) For s € G, te(s) is an integer t(s) independent of I; 

(b) If G acts freely on X, RT c (X,Ze) (resp. RT(X, r L()) is a perfect complex of 7*t[G]- 
modules (i.e. is isomorphic to a bounded complex of finitely generated projective 7*t[G]- 
modules); 

(c) If G acts freely on X, then t{s) = for every seG whose order is not a power of p. 

Proof. Assertion (a) for t Cy i(s) in the case of a separated scheme is a result of Deligne-Lusztig 
[DL761 3.3]. The general case is similar: by additivity of t C) i with respect to X, we may 
assume X affine; by spreading out one reduces to the case where k is the algebraic closure of a 
finite field ¥ q and X with its action of G is defined over ¥ q ; in this case, if F is the geometric 
Frobenius of Specfc/ SpecF g , for any n > 1, s x^ q F n is identified with l&x' n x F q n F n for a 
suitable X' n /¥ q n, and the assertion follows from Grothendieck's trace formula. 

The argument for (b) and (c) is analogous to that of [1118 H proof of 2.5]. We have 

(3.2.1) RT(X, Zt) = RT(X/G, vr*Z £ ), 

where tt: X — > X/G is the projection. Here X/G is an algebraic space of finite type over k. 
As 7T is an etale Galois cover of group G, tt^Z^ is a lisse sheaf, locally free of rank one over 
r Ln\G\. For any Z^fGJ-module M of finite type, we have, by the projection formula, 

(3.2.2) RT(X/G, vrA) <g>^ [G] M ^ RT(X/G, tt,Z £ ® MG] M), 

which implies that RT(X/G, n^Zi) is of finite tor-dimension, hence perfect (as RT(X/G, tt^Zi) 
belongs to D h J(Li) by (I3,2.1j) ), (This type of argument seems to have appeared for the first 
time in Grothendieck's proof of the Euler-Poincare and Lefschetz formulas for curves, cf. 



|SGA 51 III, X], SGA A\ Rapport].) The proof for RT C is analo gous, except that we may 
assume X/G to be a separated scheme by induction on dimX. 

By (a) the character t of Xc(X,G,Qi) (= x(X,G,Q e ) (fL42"j) ) has values in Z and is 
independent of £. Therefore (c) follows from the theory of modular characters [Ser98j th. 36, 
p. 145]: if P is a finitely generated projective Z^[G]-module, the character of P(8>Q^ vanishes 
on ^-singular elements of G, i.e. elements whose order is divisible by I. □ 

For s = 1, the fact that t c (l) = Xc(X,Qe) is independent of £ had been known since the 
early 1960s, as it is an immediate consequence of Grothendieck's trace formula (cf. [11106, 
§ 1]). Thanks to Gabber's theorem [Fuj02], one can show the independence of £ for te(s) 
independently of 11.41 

As observed in [DL76, 3.12]. [331 implies: 

Corollary 3.3. If G acts freely on X and the order ofG is prime to p, then, with the notations 
oflFA 



(3.3.1) x(X,G,Q e ) = X (X/G)Reg Qe (G), 

where Regq^ (G) is the class of the regular representation and 

X (X/G) = ^(-l)Mim^(A/G,Q,) = ^(-l) 1 dim W (X/G, 
is the Euler-Poincare characteristic of the algebraic space X/G. 
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Proof. Indeed, byE21 we have t(s) = for all s ^ 1. Therefore, by |Ser98l 2.4, 12.1], there 
exists m € Z such that 

X (X,G,Q £ )=mReg^(G). 

As, by (13X21) . 

HT(X/G,n m Z e ) ®% tlGi Z e = HT(X/G,Z t ), 
one finds m = x(X/G, Q £ ). □ 

The following application was suggested to the first author by Serre: 

Corollary 3.4. With the notations of \3.1[ assume that G is cyclic, generated by s. Assume 
moreover that the order of G is prime to p and that s has no fixed points. Then t(s) = 0. 

Proof. When G acts freely, this is a particular case of !3.3l In the general case, for any subgroup 
H of G, denote by X H the fixed point set of G (a closed algebraic subset of X) and, as in 
|Ver73l § 2], by Xh the open subset of X H defined by 

x H = x H - (J X*. 

H'DH,H'^H 

Each X H (resp. Xjj) is G-stable, and the inertia group at any point of Xh is H . On Xh the 
quotient G/H acts freely. As X is the disjoint union of the Xh's for H running through the 
subgroups of G, we have 

t(s) = ^Ms,H* c (X H ,® e )). 

H 

As s generates G/H, Tr(s, H*(X H ,Qe)) = 0, hence t(s) = 0. □ 

Finally, here is an application to Betti cohomology: 

Corollary 3.5. Let X/C be an algebraic space separated and of finite type over C endowed 
with a free action of a finite group G. Let Rq(G) denote the Grothendieck group of Q-linear 
finite dimensional representations of G, and 

Xc(X,G,Q) = ^(-im*(X,Q)] € Rq(G), 
X (X,G,Q) = ^(-mH l (X,Q)} € Rq(G), 

where [—] denotes a class in Rq(G). Then: 

(3.5.1) X c(X, G, Q) = X (X, G, Q) = X (X/G, Q)Reg Q(G) , 

where RegQ)(G) is the class of the regular representation and 

Xc(X/G,®)= X (X/G,Q) 

is the Euler-P oincare characteristic ofX/G. (Here by ff*(Y,Q) (resp. iI l (Y,Q)^, forY/C an 
algebraic space separated and of finite type, we mean H l c (Y(C),Q) (resp. H l (Y(C),Q)), where 
Y(C) is the space of rational points ofY with the classical topology defined in \Art6S\ 1.6].) 
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Recall the comparison theorem between etale and Betti cohomologies for algebraic spaces: 
for a morphism / : Y — > Z of finite type algebraic spaces over C, we have a 2-commutative 
square of topoi 

y(c) d — -v ct 



Z(C) cl — - z 



ct 



SGA 4^ 



and the base change morphism Rf c \*e* z J- —> e Y Rfet*F is an isomorphism for any constructible 
torsion abelian sheaf T . See [SGA 4, XVI 4.1] for the case of schemes. The general case follows 
from this case: the problem being local, we may assume Z to be a scheme; then we take an etale 
cover of Y by schemes and apply cohomological descent. In particular, %(Y, Q) = x(Y, Q^) 
(see !2.17l for finiteness). We also have Xc(Y, Q) = Xc(Y, Qi) for Y separated. Indeed, it suffices 
to take a stratification by separated schemes and apply the identity to each stratum 
Areata IV.6.3]. 

The homomorphism Rq(G) — > Rq e (G) is injective |Ser98l 14.6], and by the comparison 
theorem, X c(X,G ,Q e ) (resp. x (X,G ,Q e )) is the image of X c{X,G,Q) (resp. X (X,G,Q)). 
Therefore (ETO) follows from (l3XT|) . 

Remark 3.6. (a) The equality 

(3.6.1) X c(X, G, Q) = Xc (X/G)Reg Q (G) 

was established by Verdier [Ver73l lemme, p. 443], using a similar method. At the time, the 
equality X = Xc was unknown. Actually, Verdier proves (|3.5.ip more generally for locally 
compact spaces X which are of finite topological dimension (i.e. such that there exists an 
integer N such that H™(X, F) = for all n > N and all abelian sheaves F) and cohomologically 
of finite type (i.e. such that, for each n, H™(X,Z) is finitely generated), endowed with a 
continuous and free action of a finite group G (X/G is then also cohomologically of finite 
type). When the action of G is no longer assumed to be free, but the fixed point set X H is 
cohomologically of finite type for every subgroup H of G, using a decomposition of X of the 
type considered in the proof of 13.41 Verdier formally deduces from (13.5. lj) a general formula 
for Xc(X, G, Q) as a linear combination of certain induced representations {loc. cit., p. 443). 
We will come back to this and £-adic variants in § 4. 

(b) By a theorem of Deligne reported on in [11181 j . if X is a separated scheme, (|3.3.1I) holds 
more generally if the action of G is only assumed to be tame at infinity. We will discuss this 
and related results in § 4. 

3.7. Let A; be a field, k a separable closure of k, X an algebraic A;-space of finite type, endowed 
with a free action of a group G of order £ n , where I is a prime different from the characteristic 
of k. Serre proved (in the case of a separated scheme) that, under these assumptions, for any 
g G T = Ga\(k/k), the ^-adic integer Tr(g, #*(%, q/)) is divisible by i n ( |5er07j . [fflM 7.5]). 
On the other hand, by EH (c), for s G G, s / 1, Tr(s,H*(X-^, Qi)) = 0. More generally: 



Theorem 3.8. Under the assumptions of \3. % for any s G G and any g G T, we have 
(3.8.1) Tr^i^XpQ^O mod £ m , 

where l m is the order of the centralizer of s in G. 
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The proof follows the pattern of that of Serre's theorem {loc. cit.). We may assume 
X affine. Choose a model X/S of X/k where S is the spectrum of a finitely generated, 
integral, normal, sub Z-algebra of k, X/S affine and of finite type, endowed with a free 
action of G by S- automorphisms, such that X/k, with its G-action, comes from X/S by 
base change. Suppose that there exists a pair (s,g) such that t c (sg) ^ mod l m , where 
t c (sg) = Tr(s5, H*(X^, Qi)). Applying Chebotarev's generalized density theorem as in [11106, 
proof of 7.1, (1) =4> (2)], one finds a point y of S with value in a finite field ¥ q of characteristic 
p ^ i such that t c (sg) = Tr(sF, H*(Xy, Qe)) mod £ m , where y is an algebraic geometric point 
over y and F the geometric Frobenius automorphism oiy/y. By Deligne-Lusztig {loc. cit.), sF 
is the geometric Frobenius automorphism of XL for some X' /¥ q , therefore, by Grothendieck's 
trace formula, the trace of sF is the cardinality of the set E of rational points x of Xy such 
that sFx = x. Since the action of G commutes with F, the centralizer of s in G acts freely 
on E, hence this cardinality is divisible by £ m , which is a contradiction. 

Remark 3.9. (a) For s / 1, one can't expect Ti(sg, H*(X-£, Q^)) = for all g 6 T. Serre 
gives the following example: let k = ¥ q with q — 1 = mod £ n , and let X = (G m )fc; let s be 
the translation in X by a rational point of order £ n (a primitive ^ ra -th root of 1 in k). Then 
the trace of sF is equal to the trace of F, i.e. q — 1. 

(b) We don't know whether 13.81 holds with H* replaced by H*. 

3.10. Under the assumptions of 13.11 when G is not assumed to act freely, RT(X, Z^) (resp. 
i?r c (X,Z^)), as an object of D° c (/Li[G]) is not, in general, a perfect complex. It belongs, 
however, to a certain full subcategory of D b (7j£[G]) considered by Rickard [Ric94j. 

Recall that a Z^[G]-module is called a 'permutation module if it is isomorphic to a module 
of the form "L(\E\ for a finite G-set E, in other words, if it admits a finite basis over Z^ which 
is set-theoretically stable under G. Denote by Z^GJperm the full subcategory of the category 
of Z^[G] -modules consisting of direct summands of permutation modules. This is an additive 
subcategory. By a result of Rouquier [Rou], the natural functor K b (Z,£[G] perm ) — > D^(7j£[G]) 
induces a fully faithful functor 

(3.10.1) K b (Z e [G] pcvm )/K^Z,[G] pcrm ) D b c (Z e [G}), 

where i^o(Z£[G] perm ) denotes the full subcategory of K b '(Z^GJperm) consisting of acyclic com- 
plexes. In particular, the essential image D b (7 J £[G]) peim of ()3.10.1j) is a triangulated subcate- 
gory of D b (Z e [G}). 

Theorem 3.11. Under the assumptions of 3.1, denote by D b {'Li[G\) x-pcrm the smallest full 
triangulated subcategory of D b {'Li[G]) perm containing the direct summands of permutation 
modules of the form 7*e[G/I], where I runs through the inertia groups of G. Then RT C (X, Z^) 
(resp. RT(X,7 1 £), if X is separated,) belongs to D b (Zi[G])x-pcvm- 

Remark 3.12. (a) For the result on RT(X, Z^), the assumption that X is separated serves 
only to guarantee the existence of X/G. One may replace it by the weaker assumption that 
the inertia subgroup I(G,X) of G x X is finite over X. 

(b) When G acts freely, D b (Z£[G])x-pevm is the category of perfect complexes of Z^[G]- 
modules: one recovers 13.21 (b). 

(c) When X is a separated scheme and G acts admissibly, the result of l3.11l for RT C (X, 7Li) 
is a weak form of Rickard's theorem }Ric94j 3.2]. Rickard actually constructs a bounded 
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complex of finite sums of direct summands of permutation modules of the form Zg[G/I\, 
where / is an inertia group of G, well defined up to homotopy, representing RT C (X, Z^). 
Rickard does not consider the case of RF. 

3.13. Let us introduce some notations before proving 13.111 For a homomorphism of finite 
groups f:G—>H, the contracted product is defined to be X f\ G H = {X x H) / G, where G acts 
on XxH by (x, h)g = (xg, f{g)~ 1 h). See |Gir7ll III 1.3,1] for a definition in a topos. The right 
translation of H induces an action of H on X A G H. We have (X A G H) A H {1} ~IA G {1}, 
namely (X A G H)/H ~ X/G. If / is a monomorphism, the projection X A G H — > X is a finite 
etale cover of fibers isomorphic to H/G. 

As in the proof of 13.41 we denote by Xh the open subset of X H which is the complement 
of the union of the X H for H' strictly containing H. The stabilizer of any geometric point in 
Xh is H. Let S be the set of conjugacy classes of subgroups of G. For S £ S, denote by X$ 
the (disjoint) union of the Xh's for H € S, with its induced action of G, and Ys = Xs/G. 
For H E S, the normalizer Ng(H) acts on Xh through N G (H) / H . The projection Xh — > 
X H /N G {H) = Y s is an etale Galois cover of group N G (H)/H, and X s = X H A N °W G. 
The Ys's, for S € S, form a decomposition of Y = X/G into disjoint locally closed algebraic 
subspaces of Y. 

Proof of \3.11[ Let us first treat the case of RT C . We may assume X separated. We proceed by 
Noetherian induction on X. There is a G-stable dense open subset V of X which is a disjoint 
union of irreducible schemes. Take one component W of V, and let H be the inertia group 
at the generic point. Then W H = W as sets. Let U = Ws, where S is the conjugacy class 
of H. Then U is a nonempty G-stable open subset of V, disjoint union of the Uh> = U H , 
for H' running through the conjugacy class S, such that G acts transitively on the maximal 
points of U. Up to shrinking U, we may assume U affine. We have a distinguished triangle 
in D b c (Z e [G}): 

RT c (U,Z e ) RT c {X,Z e ) -> RT c (Y,Z e ) 

where Y is the complement of U in X. By the induction hypothesis, we may therefore assume 
that X = U. The group N G (H) acts on X H . The natural map (of D b {Z t [G})) 

MG] ®i[N G (H)] BT c (X H ,Z e ) -)■ i?r c (x,z^) 

is an isomorphism, as X = G A N °( H ^ Xh- As Nq(H) acts on X^- through Nq{H)/H and 
the action of N G (H)/H is free, RT c {X H ^t) is perfect over Z e [N G (H)/H] (3.1 (b)). As 
Z*[G] Sz^jv (Jf)] %e[N G (H)/H] = Z e [G/H], it follows that RT c {X,Z e ) is represented by a 
bounded complex of finite sums of direct summands of %i[G/H], which finishes the proof in 
this case. 

The proof for the case of RT is similar. Consider the open immersion u: U — > X as above, 
and its complement i: Y — > X. The exact sequence — > u{Li — > — > i^TLg — > gives an 
exact triangle in D h c (TLg [G]): 

KT(X, wZ e ) -> RF(X,Z e ) -> flT(Y;Z/) -> . 

By the induction hypothesis it suffices to show that RT(X,u\1a£) belongs to Z? fc (Z^[G])x- P crm- 
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Consider the commutative diagram 

(3.13.1) U — X 

U/G — ^ X/G 

where / is the canonical projection. We have, in D^(Zg[G]) (by |2.17() . 

(3.13.2) RT(X,u\Zg) = RT(X/G, f*u\Z t ) = RT(X/G,vi(fu)*Zg). 

As above, let H be a member of S, and let fjj '■ Uh — > U/G be the restriction of fu to Uu- 
We have (fu)*Zg = Z e [G] ®z 1 [n g (h)\ {fn)*Ze, hence v\(fu)*Zg = Zg[G] ®z e [N G (H)} v\(f H )*Z e , 
so that by the projection formula, we get 

(3.13.3) RT{X/GMfuW = Zg[G] ®z i[Nam BF(X/G,vi(fBW- 

As N G (H) acts on U H through N G (H)/H and the action of N G (H)/H is free, {f H )*Z l 
is locally isomorphic to Zg[N G (H) / H]. Therefore i>t(/if)*Zg is of finite tor-dimension over 
N G (H) / H , and consequently, RT(X/G,v\(fH)*Zg) is perfect over N G (H) / H . Then the con- 
clusion follows from ()3. 13.2|) and (|3.13.3p by the same argument as for the case of RV C . □ 



4 Tameness at infinity 

In this section we fix an algebraically closed field k of characteristic exponent p and a prime 
number £ ^ p. 

4.1. Let Y be a normal, connected scheme, separated and of finite type over k, G a finite 
group, and / : 1-7-Fan etale Galois cover of group G. We have Y = X/G. Let Fbea normal 
compactification of Y over k (i.e. a proper, normal, connected scheme over k containing Y as 
a dense open subset). We say that X is tamely ramified along Y — Y if G acts tamely on the 
normalization X of Y in X, i.e. the inertia groups G-% C G, stabilizers of geometric points x of 
X in G, are of order prime to p (cf. [1118 Q 2.6]). We say that X is tamely ramified at infinity 
over Y/k if there exists a normal compactification Y of Y such that X is tamely ramified 
along Y — Y. By [11181, 2.8], f)3.3. 1|) still holds in this case, namely, we have an equality in 
the Grothendieck group Pe(G) = K'(Zi[G]) of finitely generated projective Z£[G]-modules 
(= K'(¥ e [G])): 

(4.1.1) Xc(X,G,Z t ) = X (X/G)Reg Ze (G), 
or, equivalently, 

(4.1.2) Xc(X,G,¥ t ) = x(X/G)Reg ¥f (G), 

where X c(X,G,Z e ) = Xc (X,G,¥ e ) is the class of RT C (X, G, Zg) (or RT c (X,G,¥ e )) in P e (G), 
and Reg denotes a regular representation. Note that, as the natural homomorphism Pg(G) —> 
Rq e (G) is injective, we have 

(4.1.3) X c(X, G, Z t ) = X (X, G, Z t ) = X (X, G, ¥ e ) = Xc (X, G, ¥ e ), 

where X (X,G,Z e ) (resp. X (X,G,¥ e )) is the class of RT(X,G,Z e ) (resp. RF(X,G,¥ £ )). 
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4.2. We will reformulate the notion of tameness at infinity in terms of Vidal's group K(Y, Fg)® 
|Vid04L 2.3.1] (where the group is denoted by K c (Y,Fg)f). 

Let us briefly recall its definition. Let Z be a scheme separated and of finite type over k. 
We denote by K(Z,Fg) the Grothendieck group of constructible F^-modules on Z, and by 
K\ isse (Z,Fe) the subgroup generated by the classes of lisse F^-sheaves, and by [J 7 ] the class in 
K(Z,Fg) of a constructible sheaf T. When Z is normal, connected, with geometric generic 
point C, Kn BBe (Z, Fg) is the Grothendieck group of finite, continuous Fg[jri(Z, C)]-modules. In 
this case, for a £ Kn sse (Z, Fg), we denote by 

Tr Br (- a) : tt^Z, () -> Zg, g M- Tr Br ( 9 , a c ) 

its Brauer trace (on ^-regular elements, extended by zero on ^-singular ones). Vidal defines a 
closed subset 

E Z /k C vri(Z,C), 

stable under conjugation, called the wild part of tt\{Z, £): this is the intersection, over all 
normal compactifications Z of of the closures E z j k -g of the unions of the conjugates of the 
images of the pro-p-Sylow subgroups of the local fundamental groups ni(Zr y \ X-%Z, z), where 
y runs through geometric points of Z — Z and z is a geometric point of Zi y \ x-^ Z above ( 
(see |Vid04l 2.1], [Vid05l 1.1] for more details). Now, for Z only assumed to be separated and 
of finite type over k, Vidal defines 

K(Z,F e )° t c K(Z,F e ) 

as the subgroup generated by the classes i\a, where i: Y — > Z is separated and quasi-finite, 
with Y normal connected, and a € Kn ssc (Y, Fg) has the property that, for all g £ Ey/k, 
Tr Br ( 5 ,a)=0. 

We extend this definition to algebraic spaces. More precisely, for an algebraic space Z of 
finite type over k, we denote by K(Z,Fg) the Grothendieck group of constructible F^-modules 
on Z, and we define 

K(Z,F e )° t C K(Z,Fg) 

as the subgroup generated by the classes i\a, where i: Y — > Z is quasi-finite, with Y a 
separated normal connected scheme, and a G Kn sse (Y, Fg) has the property that, for all 
g € Ey/k, Tr Br (g, a) = 0. This definition does not depend on the choice of geometric points. 

Recall that, when Z is a separated normal connected scheme, it follows from a valuative 
criterion of Gabber that, for a G Ku SBe (Z,Fg), a belongs to K(Z, Fg)® if and only if there 
exists a normal compactification Z of Z such that, for all g G E z j k ^, Tr Br (g,a) = [Vid051 
6-2 (ii)]. 

The following is a variant of |Vid04l 2.3.3] and [Vid05l 0.1]: 

Proposition 4.3. Let f:Z^W be a morphism of algebraic spaces of finite type over k. 
Then 

(a) The map /*: K(W, Fg) -> K(Z,Fg) sends K(W,Fg)% into K(Z,F e )$. 

(b) The map fr. K(Z,Fg) ->• K(W,F t ) sends K(Z,Fg)$ into K(W,Fgf t . 
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(c) If Z = \\jZi is a partition of Z into locally closed algebraic subspaces, then (f>: a i— > 
(a\Zi)i defines an isomorphism K(Z,¥i)^ ~ ®jK(Zi, F^)^. 

(cij K(Z, F^)j is an idea? of the ring K(Z,Fe). 

Proof, (a) Let X be a separated connected normal scheme of finite type over k, i : X — > W 
be a quasi-finite morphism, a € K^ sse (X, F^) satisfying Tr Br (g, a) = for all g £ Ex/k- Then, 
by base change, 

(4.3.1) ./"''" »,!./> 

where X Xiy Z = LljeJ^j ^ s a partition into locally closed separated normal connected 
subschemes, iy i : Yj — > Z and /j : Y) — » X are the projections. Note that /*a € iCi isse (l^-, F^). 
If we still denote by fj the map Ey.^ — > Ex,k induced by fj [Vi d04|, 2.1.1], then 

Tr B *(g,f*a)=Tr B *(f j (g),a)=0. 

Thus f*im belongs to K(W,Wi)% by (HXTjl . 

(c) By (a), the homomorphism in (c) is well defined. We define a homomorphism 
ip: ©/ if(Zj,F^)£ -)• K(Z,¥ i ) ( l by (azjj ^/izja^, where iz, is the immersion Zi Z. 
The two homomorphisms are clearly inverse to each other. 

(b) If / is quasi-finite, (b) follows from the definition. For the general case, applying 
the quasi-finite case and (c), we may reduce to the case where / is morphism of separated 
schemes. In this case (b) is |Vid05|, 0.1]. 

(d) Let ix '■ X — > Z be a quasi-finite morphism where X is a separated normal connected 
scheme, let a E i^ii sse (X, F^) satisfying Tr Br (<7, a) = for all g € Ex/k, an d let b € K(Z,¥g). 
By projection formula, 

(4.3.2) (»,o)6 = i\{a(?b)) =^2i Xjl ((a\X j )(b\X j )) : 

where X = Wj^jXj is a partition into locally closed normal connected subschemes such that 
b\Xj E Kn sse (Xj ,¥i), ixj ■ Xj — > Z is the composition with i. As in (a), it follows from the 
functoriality of E that Tr Bl (g,a\Xj) = for all g G E Xj/k . Thus Tr Br (#, {a\Xj){b\Xj)) = 
for all g G Exj/k by the multiplicativity of the Brauer trace |Ser981 18.1 iv)]. Therefore, (i\a)b 
belongs to K(Z, F/)£ by (^T2l) . □ 

The rank function on constructible F^-sheaves defines a ring homomorphism 

rk: K(Z,¥ e ) -> C(Z,Z), 

where C(Z,Z) is the ring of constructible functions on Z with values in Z. This homo- 
morphism has a natural section which is a ring homomorphism, associating with a function 
c £ C(Z, Z) the class (c) of the constructible sheaf ®ji\¥ c ) Zl , where Z is a disjoint union of 
locally closed subspaces jj : Z{ — >• Z over which c is constant ((c) is independent of the choice 
of the stratification). Note that K(Z, F^)^ is contained in Ker(rk). 

Definition 4.4. For an algebraic space Z separated and of finite type over k and a € K (Z, F^) 
we will say that a is virtually tame if a — (rk(a)) belongs to K(Z, ¥j>)9. 



26 



We denote by K(Z,¥() t the subgroup of K(Z,¥g) consisting of virtually tame elements. 
As a subgroup, it is generated by K(Z, Fg)^ and the image of (— ). It follows that K{Z,¥i) t 
is a subring of K(Z,¥i). The rank function induces a ring isomorphism 

K(Z,¥t) t /K(Z,¥ t )° t ^ C(Z,¥ t ). 

Remark 4.5. When Z is a normal connected scheme, it follows from the consequence of 
the valuative criterion of Gabber mentioned at the end of 14.21 that, for a E K\[ SSC (Z, ¥g ), a is 
virtually tame if and only if there exists a normal compactification Z of Z such that, for all 
Tr Br (3,a)=rk(a). 

The following is an immediate consequence of 14.31 

Proposition 4.6. Let f ': Z — > be a morphism of algebraic spaces of finite type over k. 
Then 

(a) The map /*: K{W,¥ t ) -> 1T(Z,F*) sends JS"(W,F/) t to Z(W,F^) t . 

f6J If Z = \\j Zi is a partition of Z into locally closed algebraic subspaces, then (f>: a \— > 
(a\Zi)j defines an isomorphism K(Z,¥g)t — (BiK(Zi,¥i)t. 

(c) If a,b € K(Z,¥i) such that a and ab are virtually tame, and rk(a) is invertible, then b 
is virtually tame. 

Proposition 4.7. Let Y be a normal, connected scheme, separated and of finite type over k, 
with a generic geometric point y, and let F be a lisse ¥i- sheaf on Y . Denote by p: tt%(Y, y) —> 
Aut(J-y) the representation defined by J- . The following conditions are equivalent: 

(a) [T] is virtually tame {4-4^ - 

(b) There exists a normal compactification Y of Y over k such that, for all g G ^y/kY' 

Proof. The implication (b) => (a) is trivial. Conversely, by 14.51 (a) implies the existence of a 
normal compactification Y of Y over k such that for all g € ^zjk^,^ Tr Br ((7, a) = rk(a). The 
representation p factors through p' : G — > Aut(J r y ) for some finite quotient G of wi(Y,y). As 
in |Vid04l 2.1.1], let E Y/k 7 (G) be the image of E y/k y in G. By |Ser98l 18.2, Cor. 1], the 
restriction of p' to any subgroup of G contained in E Y j k y (G) is the trivial representation. 
Thus (b) follows from the fact that Ey^yiG) is a union of p-subgroups of G. □ 

In particular: 

Corollary 4.8. Let f : X —> Y be as in \4-l\ The following conditions are equivalent: 

(a) [f*Wt] is virtually tame [4-4ty - 

(b) X is tamely ramified at infinity over Y/k \4- 
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4.9. Let X be a an algebraic /c-space of finite type, endowed with an action of a finite group G. 
Assume that the inertia I(G,X) is finite over X and let /: X — > Y = X/G be the projection. 
Here Y is an algebraic space of finite type over k. We say that G acts virtually tamely on X 
if [fj?t] is virtually tame (|PJ) . 

To give a more concrete characterization of this property, we assume for simplicity that 
X is separated. We adopt the notations of 13.131 For each S G S, write Ys as a finite disjoint 
union of normal, connected, locally closed subschemes (Y$)i, i G Js- Let (fs)i '■ (-Xs)i — > (Ys)i 
be the base change of /: X — > Y to (Xs)i- This is a disjoint sum of etale Galois covers {Xn)i 
(H G S) of (Ys)i of group Ng(H)/H, transitively permuted by G. 

Proposition 4.10. Using the above notations, G acts virtually tamely on X if and only if, 
for all S G S, H G S and i G Js, {Xn)i is tamely ramified at infinity over (Ys)i- 

In particular, the condition that G acts virtually tamely does not depend on t. 

Proof. As f*Wi\(Ys)i = (fs)iJ?£, [f*^e] is virtually tame if and only if [(fs)iJ?e\ is virtually 
tame for all 5 G S and i G J s by [46] (b). For all H G 5, 

[(/s)iA] = (G:Ar G (7J))[(/^)^] 5 

where (fii)i - {Xn)i — > (Xs)i is the restriction of (fs)i- By 14.61 (c). it follows that [(fs)i*^i\ is 
virtually tame if and only if [(/ff)j*F^] is virtually tame. We then apply liTSl to (fn)i- D 

The following is a generalization of 13.31 which is an analogue of Verdier's formula |Ver73l 
Th., p. 443]. 

Theorem 4.11. Let X be an algebraic k-space, separated and of finite type, endowed with 
a virtually tame action of a finite group G. Then, with the notations of \4-9[ we have, in 
RQ t (G), 

(4.11.1) X (X, G, Q e ) = x(Xs/G)I s , 

ses 

where I s = [®e[G/H]} G R® e (G) for H G S. 

By the comparison between etale and Betti cohomologies (see the remark following 13 .5p . 
we recover Verdier's formula |Ver73l Th., p. 443] (a generalization of [33]): 

Corollary 4.12. Let X be an algebraic space separated and of finite type over C endowed 
with an action of a finite group G. Then, with the above notations, we have, in Rq(G), 

(4.12.1) X (X, G,Q) = J2 x(Xs/G, Q)I S , 

ses 

where I s = [Q[G/H]} G Rq(G) for H eS. 

Proof of \4-ll\ By the equality between x an d Xc and the additivity of Xci 

X(X,G,Q £ ) = Yx(Xs,G,Q £ ). 
ses 
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Thus we may assume X = X$ for some S £ S. By the additivity of \ again, we may assume 
X/G is a normal connected scheme. For H 6 S, by 14,101 Xh is tamely ramified at infinity 
over X/G. Then ([4TTT]) gives 

x(*,JV G (ff),Q*) = x(X/G)[Q e [N G (H)/H}}. 

As X = X H A N a(H) g, we have 

x(X,G,Q i ) = X (X/G)[Q £ [G/H}}. 

□ 

The following application of 14,111 is a generalization of a result of Petrie- Randall [PR86 , 
3.1] and ofE3 

Corollary 4.13. Under the assumptions of \4-H , suppose that G is cyclic, generated by g. 
Then, with the notations of \3.1l 

t(g)= X (X G ). 

Indeed, by (|4.11,ip we have 

t(g) = Y,x(Xs/G)Tr(g,I s ). 
Now, Tr(g,Is) = unless S = {G}, in which case X$ = X G and Tr(g,Is) = 1. 



5 The case of rigid cohomology 

The results of this section will not be used in the sequel. 

5.1. We use the notations of 11.11 We assume p > 1 and k algebraically closed. Following 

[LS071 8.2.4], we define a realization of X to be a sequence of immersions X X P, where 
j is an open immersion, X is a proper fe-scheme and P is a formal scheme over W = W(k), 
smooth in a neighborhood of X. We say X is realizable if such a realization exists. This is the 
case if X is quasi-projective. Indeed, if X C P£, we can take X to be the closure of X in P£ 
and P = P^y. Given a realization X X *—} P, we can construct G-equivariant immersions 

x ^ x' = ]jx ^ y[p 

gee g eG 

as in |Zhe091 3.6]. Here G acts on the products by permutation of the factors. We obtain a 
G-equivariant realization by taking the closure of X in X' . 

Let K be the fraction field of W . For X realizable, we denote by i J* rig th e rigid cohomology 
with compact support of X/K in the sense of Berthelot ( [Ber86|, 3.1], [LS071 8.2.5]). The action 
of G on X defines, by functoriality, an action of G on H* lig (X/K). As the category of if [G]- 
modules is semisimple, this action turns the complex RT C ^\ Z (X/K) defining H* lig (X/K) into 
an object of D b (K[G]). Such a complex can also be defined directly as follows. Choose a 
G-equivariant realization X X =-)■ P. Then we have 

RT C ^{X/K) = RT(}X[ P ,RT ]x[p (n' T[p )). 
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By Berthelot's finiteness theorem [Ber971 3.9 (i)], this complex has finite-dimensional 
cohomology groups, and, when X/k is proper and smooth, is isomorphic to RT(X/W) ®(y K, 
where RT(X/W) £ .D b (W[Cr]) is the complex calculating the crystalline cohomology of X/W 
[Bcr97l 1.9]. Recall that, for any proper and smooth /c-scheme X, RT(X/W) can be computed 
by RT(X, Wn* x ), where WQ' X is the de Rham-Witt complex of X/k [11791 I 1.15, II (2.8.2)], 
which is a complex of G-VF-modules on (the Zariski site of) X. Note that here the category 
of W-^G] -modules is no longer semisimple, and this complex can't be recovered from the mere 
datum of its cohomology groups, the T-F[G] -modules H l (X/W). 

One can't expect in general that, if G acts freely, RT C)T - lg {X / K) comes by extension of 
scalars from a perfect complex of W[G] -modules. Indeed, if it were the case, the traces of p- 
singular elements would be zero |Ser98l 16.2, Th. 36], and in the example given after (jl.10.ip . 
the trace of s on H* rig (X/K) can be shown to be equal to 1. We have, however, the following 
results, which complement | 



Theorem 5.2. Let X/k with the action of G be as in \1.2l with p > 1. With the notations of 

noi - 

(a) If X is realizable, Tr(s, RT cAg {X/K)) := £(-1)* Tr (s, H l CI . g (X/K)) is e Q ual to the 
integer t(s) of \3.S\ (i), for all s € G. 

(b) If X/k is proper and smooth, and G acts freely on X, then RT{X/W) is a perfect 
complex of W[G] -modules. 

For the proof we need the following well known lemmas: 

Lemma 5.3. Let X/k be a projective and smooth scheme, s a k-endomorphism of X , £ a 
prime ^ p. Then we have an equality of rational integers: 



(5.3.1) Tr(s, H*(X/W) ® K) = Tr(s, H*(X, < 

Proof. Indeed, if CH*(X) is the Chow ring of X, the theory of cycle classes in £-adic (resp. 
crystalline) cohomology ( SGA 4^ Cycle], |Lau76| ) (resp. [Gro85j ) gives a homomorphism 
CR*(X) H*(X,Q e ) (resp. CH*(X) H*{X/W) ® K)), which is multiplicative and com- 
patible with Gysin maps. This implies that both sides of (|5.3.ip are equal to the intersection 
number of the graph of s and the diagonal in X x X. □ 

Lemma 5.4. Let f : X — )■ Y be a finite universal homeomorphism between k-schemes (resp. 
realizable k-schemes) separated of finite type. Then the canonical homomorphism 

RT rig {Y/K) -> RF rig (X/K), (resp. RT C ^(Y/K) -> RT C)lig (X/K)) 

is an isomorphism. 

Proof. If / is a bijective immersion, the assertions follow from the definitions. In the general 
case, the diagonal morphism X — > cosko(X/Y) n is a bijective immersion. Thus the assertion 
for i?r r i g follows from cohomological descent for finite morphisms |Tsu03t 4.5.1]. For i?r r ig jC , 
we proceed by induction on diml". For any closed subscheme V of Y, we have a distinguished 
triangle [Ber86l 3.1] 

#r Cjrig ((Y - V)/K) -»• RT C ^(Y/K) -»• RF CjAg (X/K) -»• . 
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Replacing Y by Y re ^ and shrinking Y, we may thus assume Y quasi-projective, normal and 
integral. Let Y be a normal projective compactification of Y. Factorize X — > Y into a dense 
open immersion and a finite morphism: 

Then / is a universal homeomorphism. We are thus reduced to the case Y projective, where 
the assertions for RT c>T i S and for i?r r i g coincide. □ 

Lemma 5.5. Let a < b be integers, C & D^- a ' b \W[G]). Assume that the tor- amplitude of 
C k G D{k[G\) is contained in [a + 1,6]. Then the tor-amplitude of C is contained in 
[a,b\. 

Proof. The short exact sequence 

(5.5.1) ->■ k ^0 

is resolution of k by free VF-modules. Let M be a rig ht W[G]-module. Then M®^k G DHfl. 
Moreover — <S>k[g] ~ 1S an exact bifunctor. Thus 

(Af ®^ [G] G) ~ (M ®^ k) ®% [G] (G k) G D^(k[G\), 

(M ®^ [G] C)® W K~ (M ® w K) ® K[G] (G ® w K) G D^{K[G\). 

Putting E = M <8>^r G i C for brevity, (|5.5.ip induces the long exact sequence 

H q -\E ®^ k) -> H q {E) ^ H q (E) -> H q (E ®^ k). 

For q < a, H q (E) — ^> H q (E) is thus an isomorphism. Moreover, H q (E) K = 0. Thus 
H q (E) = 0. □ 

We prove I5T21 (a) by induction on the dimension d of X, using de Jong's Galois alterations, 
as in [Vid04l 4.4] and |Zhe09l § 3]. The assertion is trivial for d = 0. Assume d > 1. By 15.41 
we may assume X reduced. Using the inductive hypothesis and the additivity of traces on 
H* rig , we may replace X by a dense open G-invariant subscheme. Therefore we may assume 
X smooth, affine. The connected components of X are permuted by s, and the trace of s is 
the sum of the traces of s on the cohomology of those components which are stabilized by s. 
So we may assume furthermore X integral. Choose a G-equivariant dense open embedding 
j: X — > Z, with Z/k a projective, integral G-scheme. By Gabber's refinement of de Jong's 
results on equivariant alterations [Zhe09, 3.8] there exist the following data: 

— a surjective homomorphism it: G' — > G of finite groups, 

— a projective smooth, integral /c-scheme Z' endowed with an action of G' , and a surjective 
it-equivariant A;-morphism a: Z' — > Z, 

— a G-stable dense open affine subscheme V of X, 
satisfying the following property: 
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- if H is the kernel of u: G' -+ G, and V = a~ l (V), a\V: V -> V factors into 

v' -»• -> V, 

where V —> V'/H is an etale Galois cover of group H/Hq, with Hq = H n Ker(G' — >• 
Aut(/c(r/)) (77' the generic point of X'), and V'/H — > V is a finite and flat universal 
homeomorphism. 

The morphism a is sometimes called a Galois alteration. One may further assume that 
Z' — a~ 1 (X) is contained in a strict normal crossing divisor of Z'. We don't need this more 
precise form. 

By the inductive assumption, it suffices to show the assertion for (V,G). By 15.41 we may 
replace (V, G) by (U, G), where U = V'/H. We have 

Tr(s,H*(U,Qi)) = ThTHo) E^^O^O*)), 
TrfaH^U/K)) = — i—^Tr( s ',i?* rig (F7^)), 

the sums being extended to the classes modulo -ffo of elements s' E G' above s. We may 
therefore replace (U, G) by (V, G"). By the inductive assumption, we may replace (V, G') by 
(Z' ,G'), and we conclude by 15.31 

By 15.51 to prove [5^21 (b), it is enoug h to show that RT{X/W) <g>^ k is a perfect complex 
of k[G] -modules. We have, by [BQ781 7.1, 7.24], 

i?r(X/VF) ®wk = RT(X/k) = RT(X,n* x/k ) = RT(Y,TT^' x/k ) 

in D b (k[G]), where Y = X/G and tt: X — > Y is the projection . As tt is an etale Galois 
cover of group G, ir*Ox is, etale locally on Y, isomorphic to Oy [G], in particular, is flat over 
k[G]. The same is true of n&x/k = ir*Ox ®o Y ^y/fc- For an y right fc[G]-module M, by the 
projection formula, 

m ®£ [G] RT(Y,ir*n x/k ) ~ i?r(y,M ® fc[G] ® 0y n Y/k )) 

has cohomology concentrated in [0,d\, where d = dim(A) = dim(Y). Thus RT(Y,ir*Q,' x ^ k ) is 
a perfect complex of fc[G]-modules. Filtering ^*^x/k *he naive filtration, we get 

GrRT(Y,^n x/k ) ~ ®Rr(Y,ir*n x/k [-i}), 

which implies that RT(X/k) is perfect over (even as a filtered complex [IH71, V 3.1]). 

Remark 5.6. (a) In the situation of 15.21 (a), assume X/k proper. Then, if G acts freely on X, 
Tr(s, RT CtT ig(X / K)) = for s € G, s 7^ 1. Indeed, i c (s) = by the Lefschetz-Verdier trace 
formula [S GA 51 III]. It seems that so far no general Lefschetz-Verdier formula is available in 
rigid cohomology. For example, if u is a fixed point free endomorphism of X/k, we don't know 
whether Tr(u, RT c ^ g (X/K)) = 0. This vanishing holds at least in the smooth case (I5.3p . 
(b) In the situation of 15.21 (a), it is unknown whether one has 

Tr(s, H* lig (X/ K)) = Tr(s,H* lg (X/K)), 

even when G = {1}. 
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6 Fixed point sets: around a theorem of P. Smith 



The results in this section were suggested to the first author by Serre. They overlap with 
parts of |Ser09l §§ 7, 8]. 

Proposition 6.1. JSer09[ 7.2] Let k be an algebraically closed field of characteristic p, £ a 
prime number ^ p, and X an algebraic space separated and of finite type over k, equipped 
with an action of an t-group G. Then: 

(6.1.1) x(X G )=x(X) modt 

Proof. By additivity of x, we may assume X separated. If G is an extension — > G\ — > G — > 
G 2 -»■ 0, X Gl is G-stable, G acts on it through G 2 , and X G = (X Gl ) G2 . So by induction we 
may assume that G is cyclic of order £. Then G acts freely on U := X — X , hence, by 13,31 
x(U) = lx(U/G), and (I6.1.ip follows by additivity of x- One could also deduce (I6.1.ip from 
E3 t{g) = X (X G ) for all g ± 1, and J2 g eG = mod L D 

As Serre observes in (loc. cit.), 16.11 implies that if x(-X~) is not divisible by £, then X G 
is not empty. If X is the affine space A£, we find = 1 mod I. In this case, Smith's 

theory, as recalled in (loc. cit.) gives more. 

6.2. Let k be an algebraically closed field of characteristic p, X an algebraic space separated 
and of finite type over k, and let £ be a prime number, possibly equal to p. We say that X 
is mod £ acyclic if H l (X,¥e) = for i / and H°(X,¥e) = ¥ e . When £ is different from p, 
by the finiteness of H*(X, Zg) and the exact sequence of universal coefficients, X is mod £ 
acyclic if and only if H l (X,Z e ) = for i± and H°(X,Z e ) = Z e . When £ = p, if X/k is 
proper, connected, and H l (X,0) = for i > 0, then, by the Artin-Schreier exact sequence, 
X is mod £ acyclic. The following (for schemes) is [Ser09l 7.5 b)]. This result and 16.91 below 
(for schemes) were obtained independently by Morin [Mor08, Th. 2.46], assuming G = Fg, 
£ ^ p and X G contained in an affine open subset. His method is similar to ours and is based 
on a variant a la Tate of equivariant cohomology. 

Theorem 6.3. Let X/k and £ be as in 1 6. H Assume that an £-group G acts on X/k and that 
X is mod £ acyclic. Then so is X G . 

Here is a proof using equivariant cohomology, as in |Bor55j . By devissage, as in the proof of 
16.11 we may assume that G is a cyclic group of order £. If S/k is an algebraic space acted on by 
G and F a G-F^-sheaf on S, we denote by RT G (S, F) the complex RT([S/G],F) (where [S/G] 
is the associated Deligne-Mumford stack with its etale topology), which can be calculated as 
RT(S m ,F 9 ), where S, = cosko(<Sy '[S/G]) is the simplicial algebraic space defined by the action 
of G on S and F, the corresponding simplicial sheaf on S,. We have RT(S,F) € D + (F^[G]) 
and RT G (S,F) = RT(G, RT(S, F)). When F is the constant sheaf F*, we write RT G {S) for 
RTc{S,F). The projection S — > Spec A; makes H G (S) = (Bi>oH G (S) into a graded algebra 
over the graded F^-algebra 

R = H G (Speck) = H*{G,¥ e ), 
and H G (S,F) into a graded module over R. 
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6.3.1. Recall that when £ = 2, R is a polynomial algebra ¥g[x] in one generator of degree 1, 
and when £ > 2, R is the graded tensor product of the algebra of dual numbers ¥i[x]/(x 2 ) 
with x of degree 1 by a polynomial algebra ¥g[y] with y of degree 2 [CE561 XII 7]. 

Let Y = X G , U = X — Y, u: U — > X the inclusion. The (equivariant) short exact sequence 
— > u\¥pu — > F^x ¥ £ y gives a long exact sequence of equivariant cohomology 

(6.3.2) > H G (X,m¥ £ ) -> H* G {X) -> H* G (Y) -> H G +1 (X,m¥ £ ) ->■ • ■ ■ , 

where = (BiH G . This is an exact sequence of graded -R-modules. Consider the commuta- 
tive diagram (13. 13. 1|) . As G is cyclic of order £, G acts freely on U, so (fu)*¥tu is locally free 
of rank one over F^G], hence RT{G,v\{fu)*¥ iu) = V \(^e)u/G- Therefore 

(6.3.3) RT(G, RT(X, m¥ t )) = RT(G, RT(X/G, f*U)¥ t )) = RT(X/G, RT(G, f*m¥ e )) 

= Br(x/G,nr(GMfuW) = RT(x/G,vi¥ t ), 

so that 

H G {X,w¥ e ) = H*(X/G,v ] ¥ e ) 

is a graded module of bounded degree, as cd^(A/G) is finite by Lemma HT4l below (whether 
t is different from p or not). As RF(X,¥ e ) = ¥ e , we have H G (X) = R. Therefore, in (15X21) 
the map H G (X,w¥£jj) — > H G (X) vanishes, and (16.3.2|) boils down to a short exact sequence 

-> H G (X) H* G {Y) H* +1 {X/G,v\W t ) -> 0, 

which can be rewritten 

(6.3.4) -> i? -> ® F< -> iT +1 (A/G, v\¥ t ) ->• 0, 
since, by Kiinneth's formula for £?G x y, 

(6.3.5) H G {Y) = H* G ® Fe H*(Y) = R ® ¥e H*(Y). 

By Lemma 16.51 below, this implies that H*(Y) is free of rank 1 over F^, hence Y is mod £ 
acyclic. 

Lemma 6.4. Lei X be a separated algebraic space of dimension d of finite type over k. Then 
the i-cohomological dimension cd^A is at most 2d (resp. d) if £ ^ p (resp. £ = p). 

We prove this lemma by induction on d. By Chow's lemma |Knu711 IV.3.1], we can choose 



X' 




U ( - — X 



where X' is a scheme, tt is proper and is an isomorphism over a dense open subscheme U of 
A. Let T be an ^-torsion sheaf on A. Considering the short exact sequence 

-»• j\3*T ^T-tQ-tO 
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and applying the induction hypothesis to Q, it is enough to show that for any ^-torsion sheaf 
Q on U, we have 

H^XJiG) = 0, % > 2d (resp. i > d). 

Since 7r is proper, we have j\Q ~ Rn^jiG, so we have H l (X,j\G) = H l (X',j'Q). Hence the 
lemma follows from the scheme case, which is well-known [SG A 41 X 4.3] (resp. [SGA 41 X 
5.2]). 

Lemma 6.5. Let —■ L — > M — > N — > be an exact sequence of graded R-modules, with L 
and M free, and N of bounded degree. Then L and M have the same rank over R. 

Indeed, if £ = 2 (resp. £ > 2), N ® R i^x" 1 ] = (resp. N ® R i?^ 1 ] = 0). 

Remark 6.6. For X and I as in 16.21 X is mod I acyclic if and only if 

^dimirpf,F £ ) = 1. 

i 

One can consider the analogous condition 

(6.6.1) dim Hi(X,¥i) = 1. 

lf£^p, (161TT1) is equivalent to RT c (X,¥ e ) ~ ¥ e [-2d] and to RT c (X,Zi) ~ Z e [-2d], which 
imply that X is irreducible. Here d = dimX. If I ^ p and X is smooth over k, then (|6.6.1I) 
is equivalent to X being mod I acyclic by Poincare duality. 

For an arbitrary £, assume that an £-group G acts on X. Using arguments similar to the 
proof of 16.31 one can show that (|6.6.1I) implies ^ dim Hl(X G , Fg) = 1. The case £ ^ p was 
obtained by Symonds |Sym04 4.3], using a different method based on the theorem of Packard 
mentioned in 13.121 (c). 

Corollary 6.7. Let X and £ be as in \6.S\ Assume that X is mod £ acyclic, and that X is 
endowed with an action of a finite group G by k- automorphisms. Then X/G is mod £ acyclic. 

Proof. Let / : X — > Y = X/G be the projection. Let us first show 
(6.7.1) (f*F e f ~ ¥ t . 

Let Y' — ^ Y be an etale morphism of finite type. We have (f*¥g)(Y) ~ Fj°^ X \ where 
X' = X xyY'. Since the projection X' — > Y' identifies Y' with the quotient of X' by G, 

(f*¥ e f(Y') ~ f; o(X ' )/G ~ F; o(y,) ~ ¥ e (Y'). 

(a) Case where G is an £-group. If H is a normal subgroup of G, G acts on X/H through 
G/H and X/G = (X/H)/(G/H). Therefore we may assume G cyclic of order £. In this case, 
by 16.31 the restriction map RT(X,¥i) — > RT(X G ,F^) is an isomorphism, hence RT(X, u\¥g) = 
with the notations of (|6.3.2|) . Therefore, by (|6.3.3p RT(X/G, v\¥i) = 0, hence the restriction 
map RT(X/G,¥ e ) -»• RT(X G ,¥ e ) is an isomorphism. Finally, by El RT(X G ,¥ e ) = ¥ e . 
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(b) General case. Let L be an ^-Sylow subgroup of G. In order to relate H*(X/G,¥g) to 
H*(X/L,¥i), we consider the commutative square 

X A L G ^IA G G 



/ 



lA^l}^! A G {1} 

See 13.131 for the definition of the contracted products. Since h is a finite etale cover of fibers 
isomorphic to G/L, hence of degree d = {G : L) prime to £, the composition 

(¥ e )x M*VWg -> (Ft)x 

of the adjunction map and the trace map is multiplication by d [S GA 41 IX 5.1.4]. Applying 
/* and taking G- invariants, we see that the composition 

(Wi)x) G -> (f*K(¥ e ) XALG ) G -> (M¥e)xf 

is again multiplication by d. Hence (¥i)x/G — (f*(^e)x) G (|6.7.ip is a direct factor of 



G) 



It follows that 5 induces an injection H*(X/G,¥i) — > H*(X/L,¥£) and therefore an isomor- 
phism H*(X/G,¥ e ) ~ F £ by case (a) above. □ 

There are many variants and generalizations of 16.31 Here are two of them. 

Theorem 6.8. (cf. ISerOS^ 7.5 a)]) Let X/k and £ be as in 1 6. H Assume that an £-group G 
acts on X/k. Let N be an integer such that £P(X,F^) = for i > N . Then iP(X G ,F^) = 
for i > N. 

We may assume G cyclic of order £. Serre's proof of 16. 31 and 16.81 (loc. cit.) makes no use of 
equivariant cohomology, but instead exploits the action of ¥e[G] on f*¥i, with the notations 
above. It is also easy to prove [6781 along the lines of the above proof of 16.31 Again, the key 
point is that, by 16.41 applied to Y = X G , the restriction homomorphism 

r:H* G (X)^H* G (Y)=R® Ft H*(Y) 

(I6.3.5P is a TN-isomorphism of graded i?-modules (in the sense of [EGA Il( 3.4]), i.e. there 
exists an integer no such that r n : H G (X) H G (Y) is an isomorphism for n > uq. The source 
and target of r are the abutments of spectral sequences 

E(X): E» = W{G,W{X)) H^(X), 
E{Y):E l i = W(G,W(Y)) H*+ j (Y), 

the second one being degenerate at E2, and r underlies a morphism of spectral sequences 
E(X) -> E(Y). Take n > sup(n ,AT). Then H G (X) = F n ~ N H G (X) (where F* denotes 
the filtration on the abutment). As r n is a filtered isomorphism, this implies that H G (Y) = 
F n ~ N H G (Y), and consequently that W(Y) = for JV < j < n. 
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Theorem 6.9. Let k and £ be as in \6.2l G be an £-group, fiX—tX' be a G-equivariant 
morphism of algebraic k-spaces which are separated of finite type. We denote by RT(X' /X, F|) 
the complex defining the relative cohomology of X' modulo X. Assume that RT(X' /X, F^) ~ 
¥ e [-N}. Then there exists M < N such that £(N - M) is even and RT(X' G /X G , ¥ e ) ~ 
¥ e [-M]. 

Relative cohomology is defined in |Del74L 6.3] and more generally in [111711 III 4.10]. We 
have an exact triangle 

RT(X'/X,¥ e ) RT(X',¥ e ) -> RT(X,F t ) -> . 

Proof. We may assume that G is cyclic of order £. Let u : X — X G X, u' : X' — X' G X' . 
The first line of the 9-diagram 

C >■ RT(X'/X) ^ RT(X' G /X G ) *■ 

RT(X', u[¥ e ) RT(X') RT(X' G ) 

RT{X, u\¥t) > RT(X) RT(X G ) 



gives rise to a long exact sequence 

(6.9.1) >H*(G,C)^ H G (X'/X) -> H G {X' G /X G ) H* +1 {G, C) -»• • • • , 

where H G (X'/X) = H*(G, RT(X' /X)), H G (X' G /X G ) = H*{G, RT(X' G /X G )). By ffT53j) 
and 16.41 H*(G, C) is of bounded degree. We have a spectral sequence 

E(X'/X)'. E% = H\G,W{X /X)) => Hg j {X'/X), 

analogous to E(X), whose £2 term is concentrated on the horizontal line of degree N, and 
therefore degenerates at E2, yielding isomorphisms E% H % G N {X' / X). As G can't act 

on F £ but trivially, we get H G (X'/X) ~ i? ® H N (X'/X), i.e. H* G {X'/X) ~ R(-N), where 
(— ) is the usual shift on graded modules. Then (16.9. ip boils down to an exact sequence 

fl(-JV) i? ®f £ iT(X /G /X G ) -> H* +1 (G, C) -> 0, 

which shows that i? (8) H* (X' G / X G ) is (graded) free of rank one on R, and therefore that 
H*{X lG I X G ) is concentrated in one degree M < N, and of dimension one over F^. If £ > 2, 
as the graded pieces of i? with odd degrees are killed by x (|6.3.ip . N — M must be even. □ 

Let Y" be an algebraic subspace of X. We say the pair (X, Y) is a mod £ cohomology 
N-disk if RT(X/Y,F t ) ~ F/[-JV]. 

Corollary 6.10. Lei X/A; and ^ 6e as m I6'.ffi G 6e an £-group acting on X , Y be a G- 
equivariant algebraic subspace of X. Assume that (X,Y) is a mod £ cohomology N-disk for 
some N > 0. Then (X G ,Y G ) is a mod £ cohomology M-disk for some < M < N with 
£(N - M) even. 



37 



Let X be an algebraic /c-space separated of finite type. We write 

RT{X,¥ l ) = RT (Spec k/X,¥i)[l] € D-' 1 . 

It is a cone of the adjunction morphism = itT(Spec k, Fi) — > RT(X, ¥g). We say that X is a 
mod £ cohomology N -sphere if RT(X,¥ e ) ^ ¥ e [-N]. For N = -1 (resp. AT = 0, resp. iV > 1), 
X is a mod £ cohomology TV-sphere if and only X is empty (resp. RT(X,¥g) ~ F^ ©F^, resp. 
#°(AT,F^) ~ ff^pf^) ~ F^ and H^(X,¥ e ) = for q ^ 0, AT). Applying E2 to the structure 
morphism X — > Spec/c, we obtain the following. 

Corollary 6.11. Let X/k and £ be as in \6.S[ Assume that an (.-group G acts on X and that 
X is a mod £ cohomology N -sphere for some N > — 1. Then X G is a mod £ cohomology 
M -sphere with -1 < M < N and £(N - M) even. 

These corollaries are analogues of [Bre72l III 5.1, 5.2]. 16.111 is an analogue of the main 
result in [Bpr55]. 



7 A localization theorem 

In this section we fix a prime number I and an algebraically closed field k of characteristic p. 

In the situation of 16.31 with G = F^, the restriction map Hq(X) — > Hq(X g ) induces 
an isomorphism of graded i?-algebras H^X)^ 1 } —> H^ ; (X G )[y~ 1 ] (resp. Hq(X)[x~ 1 } ^> 
H* G {X G )[x- 1 }) for I > 2 (resp. I = 2). We give a generalization in this section. 

7.1. Following Quillen's terminology |Qui71[ § 4], for r G N, by an elementary abelian l-group 
of rank r we mean a group G isomorphic to the direct product of r cyclic groups of order I, 
i.e. the group underlying a vector space of dimension r over F^ (such groups are sometimes 
called groups of type (£,£,...,£)). Consider the short exact sequence 

¥ £ Z/£ 2 Z -> ¥ e 0, 

with trivial G actions. It induces an exact sequence 

Hom(G,F £ ) ^> Hom(G,Z/£ 2 Z) -> Hom(G,F £ ) A H 2 (G,¥ e ), 

where we have identified H l (G,¥^) with G = Hom(G, F^) by the natural isomorphism. It 
follows that the Bockstein operator f3 is injective. Recall (loc. cit.) that we have a natural 
identification of F^-graded algebras 



H*(G,F e 



(S(G) if £ = 2 



where S (resp. A) denotes a symmetric (resp. exterior) algebra over F^. In particular, if 
{x\, . . . , x r } is a basis of G over F^, then 



H*(G,¥ e 

where yi = (3xi. 



¥t[xx, ... ,x r ] \i£ = 2 

A(x!,...,x r ) ®¥ e [ yi ,...,y r ] if£>2 
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We put Vq = Spec(5(/3G)). It is an affine space of dimension r over F^. For any subgroup 
H of G, the surjection G — > H induces a closed immersion Vjj ^ Vg- For / G 5(/3G), we 
denote by Vg(/) the closed subset of V G defined by /. Then 

xgKer(G^i?) 

For any £(/3G)-module M, we denote by Supp G (M) C V G the support of M and by Supp G (M) 
the Zariski closure of Supp G (M). 

The following is an analogue of the localization theorem of Borel-Atiyah-Segal for actions 
of tori [GKM98, 6.2]. As in 13.131 for any algebraic space X separated of finite type over k, 
endowed with an action of G, and any subgroup H of G, we put Xh = X H — [J H , X H , where 
H' runs over subgroups of G strictly containing H. Since G is abelian, G acts on X H and 
Xh- As in 16.21 we do not assume i invertible in k. 

Theorem 7.2. Let G be an elementary abelian i-group G, Y — >• X be a G-equivariant closed 
immersion between algebraic spaces separated and of finite type over k. Let j: U = X — 
Y ^-?> X be the complementary open immersion, H be the set of subgroups H of G such that 
RT(X/G, v w ¥ e ) ^ 0, v H : U H /G ^ X/G is the inclusion. Let T = \J H&n V H C V G . 

(a) We have 

S^ G (H G (X,j l ¥ eu ))=T. 

(b) LfT^V {0} , then 

Supp G (H G *(XJ l ¥ eu )) = T. 

(c) For any e G S(f3G) such that V G (e) D T, the restriction map H G {X,¥ t ) ->■ H G (Y,¥ e ) 
induces an isomorphism 

of graded H* (G ',¥ V)[e -1 ]- algebras. 

Note that 7i is a subset of the set %' of subgroups H of G such that Uh 0- For any 
maximal element H of W', Uh = U H is closed in U. Therefore, if Y = 0, then T~L and T-L' have 
the same maximal elements, so that T = [Jh<=w ^h- 

Proof. By the long exact sequence of equivariant cohomology 

(7.2.1) H G (X,j,¥ m ) -)■ H* G (X) -> H* G (Y) -»■ • • • , 

(c) is equivalent to saying 

flSprjiF^te- 1 ] = 0, 

which is a consequence of (a). 

For every subgroup H of G, we denote by j// : Uh X the immersion. We will show the 
following. 

(a') 

Supp G (H G (X,j w .(¥t)u H )) = 



V H if H e H, 
if H H. 
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(b') For H EH satisfying H ^ {0}, we have 

Svpp G (H%(X,jm(Ft)u H )) = V H . 

Let us first prove that (a') and (b') imply (a) and (b). Note that j\(¥m) is a successive 
extension of jw.(^e)u H i H running through subgroups H of G. Thus (a') implies 

(7.2.2) Supp G (fl£(*,jiF/u)) C \JSupp G (HZ(X,j m We)) = T. 

H 

For any H, we denote by pn the generic point of Vh, considered as a prime ideal of S(f3G). 
The generic points of T are pH, H running through maximal elements of 7i. For any such H, 
(a') implies 

H G (XJ H n¥ £ ) PH =0 

for all H' / H. Thus 

H G {X,js¥ m \ H ~ ff G (X, j H !F £ ) PH ^ 0. 

In other words, Supp(j(i? G (X, jiF^c/)) contains all generic points of T. Combing this with 
(|7.2.2p . we obtain (a). If T ^ T^o}, the origin of V G is not a generic point of T. Then, 
as above, one deduces from (b') that Supp G (-fT G *(X, j\¥gu)) contains all generic points of T, 
which proves (b). 

To show (a') and (b'), choose a subgroup H' of G such that G = H © H' and consider the 
Cartesian square 

U H ^^X H 

f 

U H /H'^+X H /H' 
We have H*(G) ~ H*(H) <8>f £ H*(H') and isomorphisms of i7*(G)-modules 

(7.2.3) H G (X,j m ¥ e ) = H G (X H ,m¥ e ) ~ H*(H) ® F< ,u,F<). 

Here F^ = (F^)j/ H . Since /' is a Galois etale cover of group H', we have 
(7.2.4) 

RT H ,(X H ,m¥ e ) ~ Rr H ,(X H /H',f,mF e )) ~ RT(X H /H', RT(H', vj'j,)) ~ RT(X H /H', Vi ¥ e 



As cd e {X H /H') is finite (|Q]L it follows that H* H ,(X H ,m¥ £ ) is of bounded degree. Thus, for 

F| r ,(Jf /f ^ ! F £ )[(^)- 1 ] = 0. 



every !/E/i , 



It follows that 



which implies (a') by 17.31 (a) below applied to the projection V G — > Vh 1 - Now let H be a 
nonzero element of T~L. For nonzero elements x € H and a € //^/(X^uiF^), 1 ® a and x a 
in the right-hand side of (|7.2.3I) generate free sub-5(/3-ff)-modules of rank 1 of H G * +l (X, jm^i) 
and H G * +i+1 (X,j w ¥ e ), respectively. Thus 

Supp H (H G *(X,j Hl ¥ l )) = V H . 
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Since Supp G (H G (X, jm^i)) C Vjj by (a'), this implies (b') bv !7. 31 (b) applied to the projection 
V G ^V H . □ 

Lemma 7.3. Let f : Y —> Z be a morphism of schemes. 

(a) Assume f is flat. Then for any quasi- coherent sheaf Q on Z , Supp(/*^) = / _1 (Supp(t/)). 

(b) Assume f is afflne. Let T be a quasi- coherent sheaf J- on Y of support contained in a 
subscheme Yq of Y such that f\Yo' Yq — >• Z is universally closed. Then Supp(/*J r ) = 
/(Supp(J-)). 

Proof, (a) For any point y of Y, since Oy, y is faithfully fiat over Ozj( y ), 

x G Supp(rS) <=► g m ® 0z , s{y) Oy, y = (f*G) y + /(y) ^ /(y) € Supp(S). 

(b) We may assume F = Spec(^4), Z = Spec(S). Let q G Spec(-B). Then q G Supp(/ !(t J : '), 
i.e. J 7 ®s Bq / 0, if and only if (F (&b B q )p ^ for some maximal ideal p of A (8>b -Bg. By 
assumption, for any such p, (/<g>B_Bq)(p) is the closed point q of Spec(-Bq). Thus q € Supp(/*J r ) 
if and only if F p ^ for some p G / _1 (q), i.e. q G /(Supp^)). □ 

Applying E2 (c) to j: X - X G <-+ X, we obtain the following analogue of Quillen's 
localization theorem [Qui 71, 4.2]. 

Corollary 7.4. Let X be an algebraic space separated and of finite type over k, endowed 
with an action of an elementary abelian l-group G of rank r. Let e = IXrgG— (0} fi x £ 
H 2 ^ r - l \G,¥ e ). Then the restriction map Hq(X,Wi) — > H G (X G ,¥i) induces an isomorphism 

HoiX^le- 1 } ^ H* G (X G ^[e- 1 ] 

of graded H*{G,¥()[e~ 1 ]- algebras. 

Remark 7.5. (a) In 17.21 if T = Vi \, it may happen that H G *(X,j\¥iu) = 0. In fact, if 
G = {1}, X is mod £ acyclic (16. 2D . and Y is the disjoint union of n rational points, then 
RT(X,j l W m )=Wy- 1 [-l]. 

(b) In the situation of EH assume G has rank 1. Since H G (X, j\¥i) is of bounded degree, 
([7.2. ip implies that the map 

p:H G (X)^H G ®H°(X G ), 

defined by the restriction H G (X) -» H G (X G ) = H G ® H*(X G ) (j03P composed with the 
projection onto H G ® H°(X G ), has the following property: there exists an integer N such 
that, for any element z G Ker p (resp. z G H G <g) H°(X G )) of positive degree, z N = (resp. 
z N G Imp). In a future paper [IZllj . we will discuss a generalization of this fact, analogous 
to Quillen's theorem |Qui71[ 6.2]. 

(c) In the situation of El assume £ ^ p. Then (17X31) and ([7X11 imply that H G (X,j w ¥ e ) 
is a finitely generated 5(/3G)-module, because H*(X H /H',v\¥ e ) is a finite-dimensional vector 
space (cf. I2.17p . It follows that H G (X,j\¥eu) is a finitely generated S(/3G)-module and 



Supp G (tf G (X, j&aj)) = Supp G (H G (X,j,¥ eu )). 

In the future paper, we will prove a finiteness result for more general groups G, analogous to 
Quillen's finiteness theorem |Qui71[ 2.1]. 
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